ENGINEERING TRIPOS PART IB
PAPER 6
2006
A POPESCU

ENGINEERING TRIPOS, Part IB 2006
Paper 6 - INFORMATION ENGINEERING
Solutions

1 (a) The phase margin is given by the difference between the angle corresponding to
the frequency where the modulus of K{jw)G(jw) crosses the 0dB axis, and -180 degrees
(if this difference is positive). The gain margin (in dB) is the difference (when positive)
between 0dB and the modulus of the loop gain at the frequency where the argument
becomes -180 degrees.

(b) The modulus of Gy changes slope from 20dB/dec to 40 dB/dec around w = 1,

then it displays a resonance around w = 10, therefore G¢; is the function represented with
a continuous line.

The second order function in the denominator of G5 has real roots, therefore no reso-

nance peak is present in its diagram. It follows that G5 is the function represented with
a dashed line.

For (G4, gain margin is 19.5 and phase margin is 50 degrees.
For G5, gain margin is 2.3 and phase margin is 19.4 degrees.

(c) The new Bode diagram is shown below. The new GM and PM are calculated as
shown in the figure. Adding controller K(s) has the effect of increasing the gain margin
to 4 and the phase margin to 59 degrees (however at the expense of a reduced dc gain).

Examiner’s comment: This question was generally well answered, although, sur-
prisingly, there were quite a few confusions about the correct method to calculate the
phase and gain margins of a closed-loop system using Bode diagrams. Most candidates
distinguished aptly between the two systems and there were many qualitatively correct
constructions in part (¢). A common mistake was to not realise that the given controller
was likely to improve the performances of the closed-loop system.
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2 (a) If we input into the open-loop system harmonic functions of different frequencies,
then the response will oscillate on the same frequency. Once the transients have died down,
the measured ratio of the output to input amplitudes will give us the magnitude of the
transfer function, while the measured phase difference between input and output is the
argument of the transfer function for the corresponding frequency.

(b) When w — 0:

1

Gliv) = +57 (1)

hence the modulus approaches oo at an angle of —7/2.

If w is small, we can use a binomial series expansion for G(jw), as follows:

, 1 1= 25w+ ...
G = ~ —700 — 2 2
(jw) Tl T 17 i — —joo (2)

therefore the real part of the transfer function approaches -2.

When w — oo )
G(jw) = - 3
(1) = 5o 6
hence the modulus approaches 0 at an angle of 7/2.

For the imaginary part of G(jw) to be 0, the imaginary part of the denominator has
to be 0 (since the numerator is a real number).

S(w(l + jw)?) = S(Gw(l - w? + 2jw)) = 1 — w? (4)

which becomes zero when w =1 (the case w = 0 has already been analysed, and w = —1
is not an acceptable solution, since the frequency has to be positive). At w = 1, the
modulus of G(jw) is 0.5 (by simple substitution) therefore the gain margin is 2.

For the phase margin, a circle of radius 1 centred in the origin (which becomes an
ellipse if the scales are different on the z and y axes) meets the diagram close to the point
w = 0.7, and the phase margin can be estimated as 20 degrees.

For the system to remain stable, the intercept of KG(jw) with the imaginary axis has
to be to the right of -1, therefore 0.5 K < 1,500 < K < 2.

(c) |KG| is the distance from the point w = 0.4 to the origin, while |1 + KG| is
the distance to the (-1,0) point. Reading from the graph, the ratio can be estimated as

1.45. Since the complementary sensitivity is larger than 1, resonance may happen at a
frequency close to 0.4 rad/s.

(d) The condition for effective feedback is “;—KG' < 1. A circle of radius one centred
in (-1,0) meets the Nyquist diagram close to the point of frequency w = 0.5. It can be



inferred that the feedback will reduce errors in @(s) for frequencies lower than 0.5 rad/s.
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Examiner’s comment: Most solutions to this question provided reasonably correct
diagrams, although not always well explained. Some candidates confused the closed-loop
gain with the sensitivity to errors, although most were able to estimate graphically the
magnitude of the closed-loop transfer function for a given frequency.



3 (a) PD control is a type a feedback where the reference is compared to a signal which
has a component proportional to the output and another proportional to the first deriva-
tive of the output. Proportional control has the advantage of increasing the damping,
and thus the stability of a second-order system.

(b) Taking the Laplace transform of the ODE:

y(s) +457(5) + agls) = als) = G(s) = - )

G = g =5 (s~ o) — 90 = 5 exp(~) —exp(-30)]  (©

Initial value

9(0) =0 (7)
Initial slope
dg
(=1 (8)
Turning points:
d 1 1
d—i =3 [— exp(—t) + 3exp(—3t)] =0 - exp(2t) =3 = t = né?;) =~ (.55 (9)
Final value:
t—oo — g(t)—0 (10)
(i)
1 1
= = = — 11
C(s) = ed = g~ 90 = texp(-20) (1)

g(t) starts from 0 with a positive initial slope, has a turning point at ¢ = 0.5 and ap-
proaches 0 as t — oo.

(iii)
(s) 1 1
= = —
PP (s+2)2+4

which is an attenuated cos function.

o(t) = %exp(—%) sin(2t) (12)

(d) See figure.

kl + Sk]g

Gnew(s) = 82 + (4 + k2)8 + (O{ + kl)

(13)
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therefore increasing k; will increase the bandwidth (the system will be able to follow
signals that change more rapidly) and increasing ko leads to an increased damping, there-
fore to a more stable system, where oscillations due to a disturbance will die down more

quickly. ), e Mewomn &% (&Z{.ﬂjf

Examiner’s comment: The most challenging part of this question was to sketch
the impulse response. Many candidates calculated the inverse Laplace transforms and
plotted them correctly, and many others noted the differences between overdamped and
underdamped systems. Almost all solutions provided correct block diagrams and transfer

functions for the closed-loop system, but very few followed them with a complete analysis
of the effects of PD feedback.



b ()
<§p&d7ww$<& f%ﬂyu&wc;«cghQK

}/,«Duwlgvs [ﬁn, MVWD. oo )OW b{ o

Sjr& Ao 7uxxﬁﬁ?«\ O{W’"“ﬁ
/Q/Lbzuc, —® w%@( GLOUFW"W

/MM~/@Lw&> —D égqu~’Z%qunw

ﬂ'?fowwx@lwa\;ﬂ*\- E

(b) Dk Sohdis-
o -;)wb

_ 3 _ Wit
Fl@) '—§ < M-[, e/)M
7

T
O

Jywt )0 -yt

e " _ e >

Y T

HwT = HwT

\_,L [Z _-é + o )
Ju)

— ,Z;, /—— éosz]

Jw
- —b S('/\ZWT>
W T

(1

(

%









QS (“) lokiw mafend — — /{/}EJC brwimuies /})%ea‘;}élq_
ebak mi»w«
Loos x — . T //l pjl.

-TW MA.S.(«.:

(L) U@ = 3,(é)o~s W, &+ {)L(E) Sinews €
\,j- 9 ,(E) = GCos O_if_(:é o 3,'@ = Coi(,g_jéj
Ue) = @56%6) @;@.9 r “%,,@%Cj safetc)

:_l. Cos<§'w )+ cog[‘swb).;. TN wé‘)-fvh/%[u/é
L NG

S e
e
T A
+ 3 (k40563 |
) v(©) (vt +7)
e e R e

£l o
'g
\4\

APV |
~\

[ <\f

é‘fﬁ






(%) Buokwerk — Noguist, cyhi repeddan ok posid AT

L) =@ a@g(lﬂ)e

~NT
= XL = A cos 'Z_Tr‘p/\ (&-—DAT>
-Z_TI'?/A l?‘l‘?’\
L) 0
By dofn, | V- ) ks
Ln = /'U Z XK € (L)
K=o

N
,JZH‘L(A
N =t A
© Xz L wees
= L o
SRR
5 (L5 e T e
= ~ m=0
N0
el e -) LW_L:\(/‘ -m) A
L7 X ) *ume
~N e
nzo
N
Mim X |k=m)




Fom (t)
B 3

Xm = /,/) %_‘) ©,0,0,0,°, i]x
erﬂ: [0) 2 459,929, %, O] = O
Xz}w:[o) P,0,¢)0°,° 4] >
Xz(z-m)=[4) ©,°, 9%, O/OJDD =
lez.m;‘[o , %50, 0,% ¢, 0)0] D
Xll%-ml"[o/“)/ v, ©,9,% (“/Dj 2
lef-ﬁ)f[o, ©, 0 )4, 90 &, 9‘7 =

=2

Xzfa-m/:[q) 0, O ,0,& 9,00

G
4
A
O
A
-
lemﬁ(o) 4, 0 ,0,0, 4,90 = (

Y :}{[o, Gty b, o 0,4, b ]

MLIH.’I ,




