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5(a)

®

4 2 -2 0
4 2 -2 0 1(4 2 -2 0 0 0 0 0
A=|23 1 2|=0521 -1 O0[+{0 2 2 2
22 0 a 0s5{2 1 -1 0 011 a
0 2 2 2
0 0 00 0(0 0 0 O 0 60 O
0 2 2 2|=1|02 2 240 00 O
011 a 050 1 1 1 0 0 0 a-1
0 0 0 a-1
0 00 O of0 0 0 O 0 000
0 00 0 |=0000 0 1|+{0000
0 0 0 a-l1 IR0 0 0 a-l1 0 600
1 0 04 2 -2
A=05 1 0ll0 2 2 2 = LU — Forrank?2 weneeda=1.
05 05 1)l0 0 O a-l1
We have Ax=LUx=Lc where ¢ =(c1, ¢z, ¢3)" = Ux . Thus,
Le= |05 1T Oyec| =] 2 - 0.5¢,+ ¢, =2 - =15
05 05 1){ic 1.25 0.5¢;+0.5¢;, +¢3 =125 ;=0

Hence, with a = 1 and wniting x = (x, y, z, 1T, we have,

X
4 2 -2 0 1
02 2 20Y| =115
oooo’tz 0

The free variables are z and ¢ (because of the zeros in row 3, columns 3 and 4).
The particular solution xg is found by setting z = 0 and 7 = 0. Thus,

2y+2z+2t =15 —> y =075
4x+2y -2z = 1 = 4 =1-15 — x=-0.125

Thus, xo=(-0.125,0.75,0,0)"

[6]

(3]



The general solution is, x =Xo + A u1 + gz u; where u; and u; are in the null space and A
and u are arbitrary scalar constants. To find u; and u; we solve Uu = 0. Thus,

42 -2 oy~ 0
Y 2y+2z+2t=0
6 2 2 2 = |0 -
z 4x+2y-2z=0
0 0 0 O
t
Setting z=0 and 7= 1, weobtain y= —1and x=0.5. Thus, u; = (0.5, -1, 0, 1)* [2]
Setting z=1 and =0, weobtain y= ~land x=1. Thus, u;= (1,-1, 1, 0)F [2]
Hence, the general solution is,
X -0.125 (0.5 1
Y 0.75 -1 -1
X = = + ,1 +
z 0 o | "Hn B
t 0 1 0
©
(1 0 0
A=LU={05[4 2 -2 0)+| 10 22 2)+ (0|0 0 0 0)
0.5 0.5 1
(1 0
= 105|4 2 -2 0)+ |10 2 2 2)
L0.5 0.5
(1 0
. 4 2 -2 0
=05 1 = BC (3]
o0 2 2 2
65 05

(d) The column space of B is in the column space of L but does not span it. This is because
it does not include the independent vector (0, 0, 1)T.

The column space of C is 2-dimensional whereas that of U is 3-dimensional. Hence,

strictly, the two column spaces are not comparable. However, because the final row of
U is composed of zeros, the column spaces are effectively identical. (3]



6 (a) Let the eigenvalues and eigenvectors of the matrix B be A4 and up respectively. Thus,
Bug = Aug
Premultiplying by the matrix X gives,
XBug = AXug
From A = XBX! (given) we have AX =XB. Thus,
A(Xup) = A(Xup)

Hence, A are the eigenvalues and Xug are the eigenvectors of the matrix A. [4]

(b) B is an upper triangular matrix and so the eigenvalues are the elements on the diagonal,
A=2, Ah=1, A3=3. [2]

The eigenvector corresponding to 4; = 2 is given by,

2-4 0 1 Ye 0 0 1Ye
0 1 - 1:{1 1 32 = O - 1 1 62 = 0
0 0 3-A)\e 0 0 lle 0
Thus, e3=0 and —e;+te3=0 — ;=0
Hence, the normalised eigenvector is ug; = (1, 0, 0)" . [2]
The eigenvector corresponding to 4; = 1 is given by,
2-4 0 1 Ye 1 0 1Ye 0
0 1-4 1 |e| =100 1]e| = |0
0 0 3-4 e 0 0 2\es 0
Thus, e3=0 and e +e3=0 — e;=0.
Hence, the normalised eigenvector is ug, = (0, 1, 0)" . [2]

The eigenvector corresponding to A3 = 3 is given by,
2-4, 0 1 Ye -1 0 1Y¢) 0
] 1— /‘{3 1 (23 = 0 -2 1 €y = 0
0 0 3- /13 23 \ 0 0] 0 23

Thus, ¢;=e3 and ~2e;+e3=0 ->» ey =g3/2 .
Hence, the normalised eigenvector is ups = (1, 1/2, 1)'/ (‘:’9/4)1”2 = (2/3, 1/3, 2;3)1’, [2]



The eigenvalues of B are distinct and so B can be diagonalised. Writing B = U,DU}!

we construct Ug from the eigenvectors and D from the eigenvalues and obtain,

1 0 2/3 2 00
Ug =|0 1 1/3], D={(0 1 0
0 0 2/3 00 3

Note that Ug is not an orthogonal matrix (B is not symmetric) and hence Ugl # Uig .
To find Ug' we can use the Gauss-Jordan elimination method:

1 0 2/3 1 0 0 102/310 0 1 001 0 -l
01 1/3 01 0/—>{01 1301 0/]>[01001 -1/2
00 2/3 001 00 1 0 0 3/2 00100 3/2
1 0 -1
Ug =0 1 -1/2
00 3/2
Thus,
1 0 2/3Y2 0 0)1 0 -1
B=|0 1 /3|0 1 offo 1 -1/2 (4]
0 0 2/3}0 0 3)lo 0 3/2

(¢} Asshown in Part (a) the eigenvectors ua of A are the column vectors Xup. Thus,
1
Forig"-‘z, uA’i :qu.‘ = X O = Xl

ForA;=1, u,; = Xug, = X 1| = x;,

2/3
For /13 =73 , UA_; = qu3 = X 1/’3 = %xl +lx2 +EX3
’ 2/3 3 3 3

where x, , x2 and x5 are the column vectors of X. [4]



