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5 (a) 4 2 -2 0 

2 -2 2 -2 0 0
OJ I [43 1 2 = 0.5 2 1 -l 2 2 

A = (~ ~J + [~ !J2 0 a 0.5 2 1 

0 2 2 2 

0 0 0 0 0 0 

2 2 1 0 2 2 0 0[~ ;J T ;J + (~ a~J1 0.5 0 1 o 0 

0 0 0 a-I 

0 0 0 0 0 0 

0 0 0+0 00 o 0 0 °J (0 0(~ a~J T ~Jo 0 I 0 0 0 a-I 0 o 0 

or 2 -2 ~JA = (I0.5 ° I o 0 2 2 = LU ~ For rank 2, we need a = 1. [6] 

0.5 0.5 1 0 0 0 a 

(b) We have Ax = LUx Lc where c = (Cl' C2, c3f = Ux. Thus, 

C1 = 1 C1 = 1 
0.5c1+ c2 = 2 1.5Lc = [0~5 ~ ~J[;~J [~J ~ '-'2 

0.5 0.5 1 c3 1.25 0.5c1+ 0.5c2 + "3 =1.25 c)=O 

Hence, with a = 1 and writing x (x, y, z, t)T, we have, 

4 2 - 2 OJ x [ 1J o 2 2 2 ; = 1.5 
[ o 0 0 0 0 

I 

The free variables are z and t (because of the zeros in row 3, columns 3 and 4). 

The particular solution Xo is found by setting z = 0 and 1 O. Thus, 

2y + 2z + 21 = 1.5 ~ y = 0.75 

4x + 2y 2z = 1 ~ 4x = 1 - 1.5 ~ x= - 0.125 

Thus, 10 = (- 0.125,0.75,0,0)T [3] 



--

The general solution is, x = Xo + :t U1 + f-l U2 where u, and U2 are in the null space and :t 

and f-l are arbitrary scalar constants. To find U1 and U2 we solve Uu O. Thus, 

x 
4 2 2 0 

2y+2z+2t=0o 	2 2 2 Y 

z 
 4x+ 2y- 2z 0[ o 0 o 0 
t 

Setting z = 0 and I 1, we obtain y = -1 and x = 0.5. Thus, U1 (0.5, 1, 0, I)T [2] 


Setting z = 1 and t 0, we obtain y -1 and x = 1. Thus, U2 = (1, -1, 1, O)T [2] 


Hence, the general solution is, 

x 

Y 
x 

z 

t 

-0.125 


0.75 


0 


0 


[~~+:t 
0 

1 

+f-l 

1 

1 
[1]

1 

0 

(c) 

= 	 2 2)[0
1+ 0) + [~}o 22 -2 

0.5 	 0.5 

2 	 2 
BC 	 [3]lO.5 

( 1 	

o~J ~ 2 2 ~)
0.5 

(d) 	 The column space ofB is in the column space ofL but does not span it. This is because 

it does not include the independent vector (0,0, l)T 

The column space of C is 2-dimensional whereas that of U is 3-dimensionaL Hence, 

strictly, the two column spaces are not comparable. However, because the final row of 

U is composed of zeros, the column spaces are effectively identical. [3] 

A = LV 2 

1+ -2 	 2= [0	 0) + [~ }o
0.5 	 0.5 

2 	 o 0 0)2) + [~}o 



6 (a) Let the eigenvalues and eigenvectors of the matrix B be A and UB respectively. Thus, 

BUB = AUB 

Premultiplying by the matrix X gives, 

XBus AXuB 

From A XBX-I (given) we have AX = XB. Thus, 

A(XUB) = A(XUB) 

Hence, A are the eigenvalues and XUB are the eigenvectors of the matrix A. [4] 

(b) B is an upper triangular matrix and so the eigenvalues are the elements on the diagonal, 

Al = 2, ..12 = ] , ..13 

The eigenvector corresponding to Al = 2 is given by, 

n~ 
0 

1 r' [~ 
0 

1 Al 
3 ~A[ :;J 1 

0 0 

Thus, e3 0 and -e2 + e3 0 -» e2 = 0 . 

Hence, the normalised eigenvector is UB,l = (1,0,0)1' . 

The eigenvector corresponding to A2 = 1 is given by, 

o 
l-~ 

o 

3. 

TJ m1 e2 = 
1 e3 

[2] 

[2] 

Thus, e3 = 0 and el + e3 = 0 -» el O. 

Hence, the normalised eigenvector is UB,2 = (0, 1, O)T . 

The eigenvector corresponding to A3 = 3 is given by, 

[2] 

Thus, el = e3 and -2e2 + e3 = 0 -» e2 e3/2. 

Hence, the normalised eigenvector is UB,3 == (1, 1/2, 1)1' 1(9/4)112 = (2/3, 113,2/3)1' . [2] 



The eigenvalues of B are distinct and so B can be diagonalised. Writing B = UsDUBl 

we construct UB from the eigenvectors and D from the eigenvalues and obtain, 

U B [~~ ~::J' 
o 0 213 

Note that UB is not an orthogonal matrix (B is not symmetric) and hence UBl :t: U~ . 

To find Uiil we can use the Gauss-Jordan elimination method: 

(I 0 2/3 I 0 0' (I 0 2/3 I 0 

3~J [I 0 0 I 0 -I ]o 1 1/3 0 I 0J~ 0 1 1/3 0 1 . ~ 0 1 0 0 -112 

o 0 213 0 0 1 0 0 0 0 o 0 0 0 3/2 

(~ 
0 -I ]UBl -1/2 

0 312 

Thus, 

(I 0 2/3](2 0 0](1 0 -I J
B = 0 1 113 0 I 0 0 I -112 

o 0 2/3 0 0 3 0 0 3/2 
[4J 

(c) As shown in Part (a) the eigenvectors UA of A are the column vectors Xua. Thus, 

For ,1.1 2, 

For ,1.2 = I , 

For A.J = 3 , 

where XI , X2 and XJ are the column vectors ofX. [4J 


