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Engineering Tripos Part IIA

THIRD YEAR
Paper 3C7: Mechanics of Solids
ELASTICITY and PLASTICITY FORMULAE

1. Axi-symmetric deformation : discs, tubes and spheres
Discs and tubes Spheres
d(roi) 1 ¢ o)
Equilibrium o8 = g, * pa)2r2 o0 = 3, dr
B 3+v Ea | B
Lamé’s equations (in elasticity) oy = A — :2* -8 pcuzrz - "ri'ferr O = A - ;3‘
r
oee=A+% —hg—l'/,ow?r2 +£j"2qferr - Edl aee=A+5%
¢
2. Plane stress and plane strain
Cartesian coordinates Polar coordinates
. ou ou
Strains &x = B &r =g
o _u  lov
&y = Jy 0 =7 * o0
_ou v _ov low v
}’xy—ay+ax }i—e-—r-i-raa-—r
2% 8¢, 8¢ 5 | oxe 5 [ 08 o6 g
. Thy _ I ZEy 0] onel _ 0 ) ,C%0 % Tt
Compatibility oxdy = 6y2 + ) a1 " 28| = or r2 1 — "o t Y

or (in elasticity)

Equilibrium

v4¢ = 0 (in elasticity)

Airy Stress Function

&2 & 2 10 18
5x2+3y2 (Gix + oyy) =0 52t rort 25| (Gt e)= 0

0oy o0x ole)
5xx+—@X=0 ar(ro'n)-l' 59 — 906 =0
G, dox 0o
_%Y.+_5;X=O 56 +ar("5’r6)+0r6-0
{_<3_2_+_Q2_{_6;2_¢2+22_Q}_0 P2 10 18
a2 o2 lax? T 82 atrart 2
_ﬂ_’ 1o 19% -0
o2 rort 208
&9 10p  19%
Gxx‘-‘-ayz Or =% * ,.2592
&g _ &%
DY T a2 R0 = 52
P29 0 [19¢
OxXy = ~ oxdy o6 = ‘ar{rdg}



Torsion of prismatic bars

dF
Prandtl stress function: oyx (= %) = E; . Ogy (=7y) = _%
Equilibriom: T = 2Fd4
A

Governing equation for elastic torsion:

V2F = -2Gf where f is the angle of twist per unit length.

4, Total potential energy of a body
=U-Ww
1
where U = Ef fT [Dledv , W =P T u and [D] is the elastic stiffness matrix.
1%
5. Principal stresses and stress invariants

Values of the principal stresses, op, can be obtained from the equation

Oxx — OP Oxy Oxz
9%y Oy~  Oyz
Oxz. Oyz Ozz — 0P

This is equivalent to a cubic equation whose roots are the values of the 3 principal stresses, i.e.

Expanding: op3 - 11 op2 + Ihop — I3 = 0 where I} = oxx + + Oy
Oyy ,

i

the possible values of op.

Oxx Oxy Oxz
Oyy Oyz Oxx Oxz Oxx Oxy
I = + + and I3 = Oxy Oyy Oyz
Oyz Ozz Oxz Ozz Oxy Oyy
Oxz Oyz Ozz
6. Equivalent stress and strain
. - 1 2 ) o 12
Equivalent stress o = 5 {(01-02) + (g - 03)* + (03— 01) }
. . - 2 2 ) 21 172
Equivalent strain increment d& = 3 {d€1 + dep” + de&3 }
7. Yield criteria and flow rules
Tresca
Material yields when maximum value of 0] — 0p|, |op — 03] or |03 - 01| = ¥ = 2%k, and then,
if o3 is the intermediate stress, dej :dey:dez = A(1:-1:0) where 4 #0.
von Mises '
Material yields when, (0] - CQ)Z + (o - 03)2 + (03— 0‘1)2 = 2¥2 = 6k2, and then
dep dg dey dep —dap dey —des dey —déeg i 3de
o1 a2 03 o~ =~ 02-03 o3-o1 7" 20
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