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1 A thin plate of height % and cross-sectional area 4 (viewed along the y axis)
stands vertically on the ground. as shown in Fig. 1. There is frictionless contact between
the bottom of the plate and the ground, and the plate is free to move horizontally. The
plate is made of an elastic material with density o, Young’s modulus £, Poisson’s
ratio v and a coefficient of thermal expansion «. The plate is subjected to
gravitational forces only, and hence is stress free at all surfaces other than y =0.

(a) Assuming plane stress conditions, show that the stress field
04 =0, O, =PgV+cC, Oy, =0

satisfies the equilibrium equations, and hence determine the constant ¢ from boundary
conditions. [25%]

(b) Again assuming plane stress conditions, determine the horizontal
displacement u and vertical displacement v of the plate as functions of x and y. [25%)]

(c) Calculate the total strain energy stored in the plate. [25%)]

(d) The temperature of the plate is now increased uniformly by AT . Assuming
that the stress field is still given by that determined in (a), obtain the new displacement
field of the plate. [25%]

X

Frictionless

Fig. 1
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2 A long cylindrical copper wire of radius & 1is heated by an electric current. The
wire loses heat to the environment through convection at the wire surface. When the
temperature in the wire reaches a steady state, the temperature of the wire 7 isonly a
function of the radial coordinate r :

T=(Ty-T,)A-r*/b*)+T,
where T =7, at the centre of the wire (r=0) and T =T, at the surface of the wire
(r =b). The temperature 7; can be increased by increasing the electric current. For
simplicity, assume 7., =0 . The Young’s modulus E , Poisson’s ratio v , coefficient
of thermal expansion « and yield stress in tension Y of copper can be taken as

temperature independent.

(a) Assuming plane strain conditions (&, =0) and neglecting any possible
plasticity, determine the complete stress field in the copper wire.

(b) Assuming v =1/3 , sketch the stress components as functions of »/b.
(¢) Calculate the radial displacement at the surface of the wire.

(d) Assuming that the material yields according to Tresca’s criterion, determine
the maximum 7, that can be tolerated without causing yielding anywhere in the wire.

(TURN OVER
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[25%]

[25%]

[25%]
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3 A force P (per unit depth into the page) acts normal to the surface of an elastic
half-space as shown in Fig. 2a. The stress field in the half-space can be obtained from
an Airy stress function

¢ = Ar@sin@

(a) Show that the stress components ©,,,04,0,9 derived from ¢ satisfy the

boundary conditions and hence determine the constant 4 in terms of the applied load
P.

(b) Find the Cartesian components o,,,0,,,

point (x,y) . Hence, write an expression for the stress o, (x,a) on a plane at a depth

o, of the stress at an arbitary

a below the surface.

(©) Show that o,, =—P/(m) on a circle of radius a which is tangent to

the point of load application.

(d) A thin disk of radius a is compressed by two diametrically opposite
forces P as shown in Fig 2b. The remaining boundary of the disk is traction free.
Determine the stress distribution o ,,(x,a) along the horizontal diameter AB . (Hint:
superimpose a hydrostatic tensile field on the stress fields obtained in the previous parts
of the question.)

oy \

(2) (b)
Fig. 2

[10%]

[30%]

[20%]

[40%]
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4 (a) An elastic ideally-plastic material with yield strength o, and Poisson’s
ratio v =1/2 isloaded in plane strain (ie. £33 =0 ).

(i)  Write the von Mises yield criterion in terms of the stress components
011,922:012- [20%)]

(ii) The material is subjected to a stress state o), =S, 0y =0}, =0.
Find the maximum value of S/oy, , assuming the von Mises yield
condition. [20%]

(i) What is the maximum value of S/o, , if the material yields

according to the Tresca yield criterion? [10%)]

(b) A new yield criterion assumes that an isotropic material yields when the
magnitude of any principal deviatoric stress reaches a critical value.

(i) Write down expressions for this criterion in terms of the principal
stresses ©y,0y,0y; and the uniaxial yield strength oy . [30%]

(i) Assuming plane stress (o =0) , plot the von Mises and the new
yield criteria in o} —oy; space. [20%)]

END OF PAPER
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Engineering Tripos Part ITA

Equilibrium

Lam’s equations (in elasticity)

THIRD YEAR
Paper G4: Mechanics of Solids
ELASTICITY and PLASTICITY FORMULAE
1. Axi-symmetric deformation : discs, tubes and spheres
Discs and tubes Spheres
d(rom) 1 d(20y)
Ogp = drrr + pur? O8e = 77 clrIT
B 3+ Ea ' B
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2. Plane stress and plane strain

Strains

Compatibility

or (in elasticity)

Equilibrium

V4¢ = 0 (in elasticity)

Airy Stress Function

Cartesian coordinates
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3. Torsion of prismatic bars

. dF dF
Prandtl stress function:  0x (=1%) = & v Oy (=1) = - ¢
Equilibrium: T = 2fFda
i A
Governing equation for elastic torsion: ~ VZF = -2GB  where B is the angle of twist per unit length.
4. Total potential energy of a body
n=v-w

!
where U = EJ- _gT [DlgdvVv , W =pP Tg and [D] is the elastic stiffness matrix.
14

5. Principal stresses and stress invariants

Values of the principal stresses, op, can be obtained from the equation

Oxx — Op Oxy Oxz
Oxy Oyy — Op Oyz =0
Oxz Oyz Oz — Op

This is equivalent to a cubic equation whose roots are the values of the 3 principal stresses, i.e. the possible values of op.

Expanding: op3 - I op2 + Ihop - I3 = 0 where I} = 0yx + Oyy + Og,

Oxx Oxy Oxz

Oxx  Oxz Oxx Oxy

%y Oy

, = and I3 = Oxy Oyy Oyz
Oy Ogm

Oxz Oyz Og

—
)
1

Oxz Om Oxy Oyy

6. Equivalent stress and strain
12

_ 1
Equivalent stress 0 = \/; ((01-0? + (2~ 03)2 + (03-01)2,

. . - 2 12
uivalent strain increment deé =\JT [ dgj2 + de2 + des?2, 7
3¢ }

7.  Yield criteria and flow rules

Tresca

Material yields when maximum value of lo] - o»l, lop = o3l or los— o)l = Y = 2k, and then,

if o3 is the intermediate stress, dej :dey:dey = A(Q:~1:0) where A #0.

von Mises

Material yields when, (0] - 02)? + (02 - 03)? + (03~ 01)2 = 2Y2 = 6k2 and then
deg dez de3 de) -den dey - des dez - dgj 1&5
Jd, T oy T dy T o-m T om-o3 T »m-0 T A= 2
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Answers to 3C7: Mechanics of Solids: 2004

2 2
vog £g Y vogx
L. b =5 oy )x, v =By ) Y
® u E( y) E(2 y) 5
2 273
h
(c) U=£ﬁi—
6E
vog gy vpgx’
(d) u="=2(h-y)x+alATx, v="2(—-hy)+ +aATy
E E' 2
2 (a)

EaT, r?

Oy =~ l-— ’
41-v){ b?

EaT, 32

Opp =~ I-—
41-v) b?

VEaT, 2r?
o, =- 1-
= 2l-v) b2

_abT,(1+v)
(b) U=—-—"

_2(1-v)Y
Ea

(c)

>3

F 4

sa) Gi)  S=-—=

(i) S=o0,



	
	
	
	
	
	
	
	

