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Module 3C3

MACHINE DESIGN - TRIBOLOGY
Answer not more than three questions.

All questions carry the same number of marks.

The approximate percentage of marks allocated to each part of a question is

indicated in the right margin.

Attachments:
Special datasheet (10 pages).

You may not start to read the questions
printed on the subsequent pages of this

question paper until instructed that you
may do so by the Invigilator
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1 (a) Explain briefly the idealisations that are made when applying Reynolds’

equation in the analysis of hydrodynamically lubricated bearings.

(b) Figure 1 shows a Rayleigh step bearing in which the two regions of the step
are the same length B. The height of the step is d and the velocity of the lower plane
surface is U as shown. The width of the bearing is large in comparison to dimension B
and the incompressible lubricant has constant viscosity 77. Small holes are drilled at the
location of the step so that a proportion 3 of the oil which flows through the entry region

can be filtered and returned to the inlet.

oil filter

B

B
22072 |

= 771

U

Fig. 1

The maximum hydrodynamic pressure within the bearing p; is developed at the
step. By considering the flow rates in the inlet and outlet regions, show that the value of
ps can be approximately related to the quantities U, B, 17, hg and B by the expression

_6UBn [ (1-PH-1
Ps ho? (- BH? +1

where H is equal to the ratio (d +hg)/ hy.

In a particular application the desired value of f is 0.25. Find the numerical
relationship between dand Ay which will maximise the load carrying capacity of a bearing

in which this is the case.

[30%)]

[40%]

[30%]
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2 A journal bearing of radius R, length L and radial clearance ¢ has a length to
2
diameter ratio of 1/4. If the Sommerfeld number S is defined as {77%_}{1%} where p

is the mean nominal pressure on the bearing, @ the speed of rotation and 7 the viscosity

of the lubricant, then the relation between S and the eccentricity ratio € is as shown in the

table below.
£ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.95
S 102 47.6 282 17.7 11.2 6.72 3.64 1.65 0.46 .139

o* 0.0983 | 0.196 | 0.295 | 0.393 0.491 ]0.590 | 0.688 | 0.787 0.885 | 0.933

M* 6.03 5.89 5.83 5.92 6.12 6.50 7.24 8.43 11.8 17.3

(a) Show that if the principal design requirement is to run the loaded bearing
with the greatest value of the minimum film thickness A;,, then the appropriate value of
£ is approximately 0.7. [30%]

(b) The normalised quantities M* and Q* are defined as

me= Y and gr=—2_
nNwLR LRaxc

where M is the torque required to maintain rotation and Q is the volumetric flow rate of
the lubricant. In a particular case, designed for maximum  Ap;,, W =5 kN,

R=005m, ¢=75 uym and @ =300 sTLoI viscosity is considered constant, estimate
the temperature increase AT experienced by the lubricant as it flows through the bearing.
The density of the lubricantis 880 kg m™ and its specific heat 2.0 kJ kg 'K . [30%)]

(©) If the viscosity of the lubricant varies with temperature change AT
according to the relation
n =g exp(-BAT)
where f=0.04 K 'and 1o = 0.05 Pa s, indicate, by a calculation flow chart, an iterative

procedure which could be used to find a better estimate of the steady-state running
temperature of this bearing. By making one such iteration, improve your estimate of AT
made in part (b). {40%)

(TURN OVER
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3 (a)

Figure 2 shows the contact geometry between a pair of involute spur gears,

with base radii 7,; and 7,,, rotating at corresponding angular speeds of £2; and £,.

(®)

gears have standard teeth with module m equal to the addendum and a pressure angle

of 20°.

(i) Explain why the involute tooth geometry dictates that contact between

tooth pairs lies along the common tangent AB to the two base circles.

(if) Show that the ratio of speeds £2,/£2, is equal to the ratio of the base

circleradii 1y /11

(iif) Derive an expression for the sliding velocity between a tooth pair in terms

of €, £, and the distance x between the contact position X and the pitch

point P.

Two equal size involute spur gears, each with 29 teeth, mesh together. The

(i) Find the contact ratio.

(ii) The contact transmits a torque of 5 Nm. Select an appropriate module m
for the gears, assuming that the width of the teeth is 5m and that the critical
condition is for contact between one pair of teeth with an allowable contact

stress of 1200 MPa.
E* =115 GPa.

The effective contact modulus of the gear material

rp2

Q) ~

b1

N X

X P

BN

Fig. 2

(10%)]
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4 (a) Explain briefly the idealisations that are implicit in the Hertzian analysis of
tribological contacts.

(b) Show that the area of contact between two cylinders of same radius and material

pressed into contact with their axes at right angles is approximately circular.

(c) A railway vehicle has cylindrical wheels each of radius 350 mm. The mass of
the vehicle, which is supported by soft springs, provides a normal load on each wheel of
60 kN. The head of the rail has a radius of curvature of 350 mm so that the contact
geometry is effectively that of part (b). The rail is rigidly supported by the track.

6y} Show that the effective compliance of the wheel-rail contact is
approximately 8.43 x 1071 m N1, The modulus of the contact can be taken
as 115 GPa.

(11) A certain length of the track has small corrugations on the rail surface of
a constant wavelength equal to 50 mm. If each wheel has a mass of 300 kg,
estimate the speed of the vehicle at which resonant vertical oscillations of the
wheel might be expected.

(iii) In practice railway wheels are slightly conical to assist stability.
Comment briefly on the effect that this might have on the contact conditions

between wheel and rail.

END OF PAPER

[20%]
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[30%]

[20%]

[10%]
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ENGINEERING TRIPOS Part ITA
Modules 3C3 and 3C4 Data Sheet

HYDRODYNAMIC LUBRICATION

Viscosity: temperature and pressure effects

Vogel formula 1= noexp{ﬂbT}
C

Barus equation 7= 1yexp{ap}

B
Roelands equation 1) =ngexp [9.67 +1nmng ]{[1 +-2 *) - IJ
Po

Viscous pressure flow

Rate of flow gx per unit width of fluid of viscosity 77 down a channel of height A due to
ressure gradient = ——h—3—-d—p
p g g qx 1211 dx

Reynolds’ Equation for a steady configuration

—_ — h*
1-D flow: ii—p-=1211U{h ;’ }
dx h

U is the entraining velocity so that |Uh *| is flow per unit width through the contact.

3 [nap| oK ap|_..,~0n
2-D flow: — Il I Tl o1 U=
o Bx{n Bx}+ay{n oy ox

Hydrodynamic lubrication of discs

h CnU

R W where R is the reduced or effective radius and W’ the load per unit length

Chin = 4.00 for half Sommerfeld boundary conditions

Chin = 4.89 for half Reynolds' boundary conditions
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ELASTIC CONTACT STRESS FORMULAE

Suffixes 1, 2 refer to the two bodies in contact.

Effective curvature 1 = 1 + 1
R R

where Rj, R, are the radii of curvature
of the two bodies (convex positive).

_l-v?

.2
— +1 V2
Ey

E,

Contact modulus —1—
E %

where E1, E7 and vy, Vo are
Young's moduli and Poisson's ratios.

Line contact

Circular contact

(width 2b; load W’per unit length) (diameter 2a; load W)

Semi contact
width or
contact radius

wR1/2
nE*}

=

a=
b

Il;/::;(;lrlrrlgm contact _ {W’E *}1/2 1 [ewE 2 1/3
bo = pPo=—

("Hertz stress") TR | R2
Approach of 1_v.2 9 5 173
centres o= 2W [1 V1 {ln( nl ) - l} =2 = 1)9_w=

2

+ 1-vy {ln( 4R, ) _ l}

Ey b 2
Mean contact _ W = - W 2
pressure pP= b = ZP() p= _na2 = '3‘Po
Maximum shear Tmax = 0.300pg Tmax = 0.310pg
stress

at (x=0,z=0.79b) at(r=0,z=0.48a) forv=0.3

Maximum tensile 1
stress Z€ero g(l —2V)pp at(r=a,z=0)

Mildly elliptical contacts
If the gap at zero load is A = %sz +%By2 ,and 0.2 <A/B <5

Ratio of semi-axes b/a = (A/B)?/3

To calculate the contact area or Hertz stress use the circular contact equations
with R=(AB)™Y2 orbetter R, =[AB(A +B)/2]}/3 .
For approach use circular contact equation with R = (AB)—” 2 (not R,)
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Hertzian contact frictional losses

09 a/b=0.2 M
I, = _ﬁpn > N
ol> )
0.8 (52S
0.3 ;
07 o2
- 0.4
Iy ol
0.6
& 06 5
I
i 1.0
o5 -2 2,
b
0L
%9
€
03 Spin 0,(
Pole 0‘6
02 F 1
IF = p—N 0 8 '0
0.1
0 | 1 1 1 i L 1 1 1 1| 1 1 . - 1
0.1 02 03 o0& 05 06 07 08 09 10 11 12 13 1
Spin pole offset e//ab
INVOLUTE GEARING
Spur gears
pitch cylinder radii r
base cylinder radii n it suffix 1 or 2 circumferential pitch p=2nr/N
) . with suffix 1 or : -
addendum cylinder radii r, base pitch Py = pcos¢
module m=p/n=2r/N
number of teeth N au p r
ratio of contact Te
addendum a=r-r . . . .
radius of curvature at pitch point p = rsin¢
pressure angle ¢

Path of contact

1/2
l= {r2 sin? ¢+a(2r+a)} —rsing
For a standard 20° spur wheel with N
r teeth of module m this becomes
r+a ] ) 1/2
Lo (0.02924N +N+ 1) ~0.1710N
m
0
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Standard tooth forms

Addendum a =m, Dedendum = %m, pressure angle = 20°.

Modules:
1.0 - 4.0 mm in 0.25 mm steps
7.0 - 16.0 mm in 1.0 mm steps
24.0 — 45.0 mm in 3.0 mm steps

Friction in spur gears

average friction loss

0.3 - 1.0 mm in 0.1 mm steps
4.0 — 7.0 mm in 0.5 mm steps
16.0 — 24.0 mm in 2.0 mm steps
45.0 - 75.0 mm in 5.0 mm steps

power transmitted

Tooth failure

Allowable bending stress o}, according to AGMA guidelines given by oy, = JT
m

.1
# N N

/7

where Pr is force per unit face-width acting tangentially to pitch circle and J given in
the figure below for 20° spur gears. Typical values of o, shown in table.

0.55L Load applied at highest 1000
point of single-tooth contact 170 Number of teeth
_ 050+ 35 on mating gear
5045} N 17
& 0.40}
Eo3s|
g 0.30f
O 0.25 .
\Load applied at tip of tooth
0.20F 4
1 i | 1 1 1 1 1 i | ) I |
12 15 17 20 24 30 4050 80 275
Number of teeth
Typical allowable tooth stresses (AGMA)
Material Condition Bending fatigue Surface fatigue
strength o, (MPa) | strength 6, (MPa)
Through hardened 170-390 590-1200
Steel and tempered
Carburised and case 380-480 1250-1550
hardened
Cast iron As cast 69-90 450-590
Nodular iron Quenched,
annealed and 150-300 500-800
tempered
Malleable iron Pearlitic 70-145 500-650
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EPICYCLIC SPEED RULE

w; =(1+R)w. — Rw, where R= %

ROLLING ELEMENT BEARINGS

Fatigue life

L= ayay3(C/P)P p = 3 for ball and 10/3 for roller bearings
Fatigue probability % 10 5 4 3 2 1
Life adjust factor q, 1 0.62 053 044 033  0.21

Minimum radial load F,

2/3 2

vn d

For a ball bearing F_, =k I
' M fm r(lOOO) (100)

2
For a roller bearing Fp, =k | 6+ 4n (ﬁd_m_)
n, \100

Fp, 1s the minimum radial load in N, 4, is the mean bearing diameter in mm, v is the -
kinematic viscosity in mm’s™, n the speed in rpm and n, the limiting speed for oil
lubrication. k, is typically 25 for ball bearings and 150 for roller bearings.

Bearing choice

The information on the following pages concerning minimum loads, viscosities
and standard bearing sizes and ratings is extracted from the SKF General Bearing
Catalogue and is copied with permission. It is SKF copyright and is not to be further
reproduced.

MPFS, DIC, JAW
January 03
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Required viscosities and the effect of viscosity ratio on a,,

1000 ]

1 N N
notfs ] \\\ T~
BN [T
oo_. <
oo \\E \\\45 \\\\
. Z\\\\”{\\‘
% 3, \
2 %\k a. K\\\\\\
10 ,\ 20 s‘;zo E’D\\\\\
s; sooo:ooo \\\\'s\\ik\ |
%0 20 | s 100 2oo\so>1o}m
Diagram 1 — d.;.-(d+o)/2 mm
a2 |

L1t

. 02

0.1

005 01 0.2 05 1 2 5 10

Diagram 3
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Taper roller bearings

Taper rolier bearings single row
single row : d 50-65 mm
d 35-50 mm

-7 -
3al

Q
Q

. Principai Basic load ratings Fa! Speed ratings Mass Designation Dimension
dimensions dynamic slatic .o..qs Lubrication Series to
Principal Basic load ratings Fatigus Speed ratings Mass Designati Dimension Hmit grease oil 150 35§
L ) dynamic stalic toad Lubrication Series to d [+ § Cc Co P,
limit grease oil 1S0 355
d D 7T c Co P,
mm N N r/min kg - -
mm N N /mi - -
— k9 50 110 29,25 125000 140000 17000 3600 4800 125 30310 2F8
(cont) 110 29,25 106000 120000 14300 3200 4300 120 31310 7F8
35 80 2275 72100 73500 8 500 5000 6700 052 30307 2FB 110 4225 172000 212000 24 500 3200 4300 180 32310 2FD
(cont) 80 2295 61600 67000 7 800 4500 6000 052 231307 8 110 42,25 161000 216000 25000 3200 4300 1,85 2323108 SFD
80 3275 95200 106000 12200 4800 6300 0,73 32307 2FE
80 32,75 93500 114000 13200 4500 6000 0,80 323078 SFE 55 80 23 78100 112000 12500 4000 5300 056 K-JLM 506849/K~JLM 508810 -
80 23 80900 116000 13200 4000 5300 055 32011 X% 3CC
40 68 19 §2 800 71000 7 800 5300 7000 0,27 32008X 3CcD 0 27 80700 137000 15300 4000 5300 067 33011 2CE
75 26 79200 104000 11600 5000 6700 051 33108 2CE 95 30 110000 156000 18000 3600 5000 088 3311t 3CE
80 1975 61600 68000 7650 4800 6300 042 30208 308 100 22,75 89700 106000 12200 3600 5000 070 30211 308
80 2475 74800 86500 9 800 4800 6300 053 32208 30C 100 26,78 106000 120000 16000 3600 5000 083 32211 3DC
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