PART IIA 2006
Datasheet: Finite Element Methods Formulae 3D7: Finite element methods
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Considering an element of (dx, dy and dz), the continuity condition gives that

(a)
(9, +dq,)dydz — q,dydz +(q, +dq, )dxdz - q,dxdz +(q, + dq, )dxdy ~ q,dxdy = Qdxdydz

d
dqx_l_ q, +dq, )
dx dy dz
Substituting the constitutive equation,

A1) AHTh) A%
dx dy dz

Hence,
o*h o*h o*h

k, P +k, P +k, P +0=0

(b) For the one-dimensional condition, the governing equation becomes
k ’h =0
g 9T
Applying a weight function v to the governing equation and integrate between x = a
and x =b.

d, dn, |
V[E(kx EHQ] =0

d ,, dh
—(k,—)+ =0
fv[ =) Q]dv
Integrate by parts to derive the weak form.
[vkx i}’-} (g Gy [vodx=0
dx |, dx ~ dx
Water flow is defined as g =—k,(dh/dx)

f%kx %dx = (9)eey ~(0),, + [ VO
dv, dh
-E?ixt kx :i'x" dx = (v)x=b q,— (v)x=aqa + vadx

(c) Substituting the shape functions given and noting that a is not a function of x,

( chkadx)a =(Nc)_, g9,—(Nc) _q,+ chde



Using vector product manipulation, Be = ¢"B”, N¢ = ¢"NT

( chBTkadx)a =(¢'N") g, —(c'N") g, + chNTde
Since ¢ is not a function of x,

¢’ ( fBTkadx)a =c' {(NT )x=b q, —-( N' )m q,+ fNTde}
Cancelling ¢”, the following finite element formulation can be obtained.

([BkBic)a=(N")_ s ~(N"). 0.+ [ N0

(d)&(e) Axi-symmetric condition can be used. Hence, it becomes a two dimensional

problem.

Axi-symmetry axis

-+ No flow bounc@
/No flow boundary
Rock layer 1 .

Well Prescribed head h

_ \ boundary
Prescribed head h_{ Rock layer 2
boundary S

/ AN /
No flow bpundary No flow boundary

)
-

The length of the mesh as long as possible

The pumping rate at the well is computed by integrating the flow rate evaluated at the well
boundary. The flow rate can be computed from the constitutive equation q = k(dh/dx), but the
spatial gradient of the head at the well boundary needs to be evaluated. The spatial gradients
are most accurate at the integration points. Hence, the spatial gradient at the element boundary
need to be extrapolated from the integration values for accurate estimation of spatial gradient

at the element boundary.
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Nods Egpors, Nebdd Lired Doecdion (fmXons
A 0.0333 tpR 90" 4
B 0.345 +p K 75°
c 0.167 {pR 60"

D 0.345 tpR 45
E 0.167 £pR 30"
F 0345 pr 15°
G 0.083%3 %FR 0°



3D7 Answers

1442 -1 2 0
AE -1 1 0 0
1. (a)
2V2L| 2 0 1442 1
0 11
b -
1 1 1
L1 1 L 1
(© —| |+ |x or =| |+  |x
EA| -1 1 EA|0 1
1 -1 -1
2. (a)-
(b)-

(c) Element 1: u; = (2-x)(x+y) X 104, v, =0,
Element 2: u; = (2-y)y X 10, vo = (1/2)x(y-2) X 10™*
(d) Element 1: g, =0.5X 10, &,=0, y,, =—1X 10"
Element 2: g, =0, &= 0, 7xy =—1.25X 10"
(e) Element 1: oy = 10.99 N/mm?
Element 2: 6, =0

3. @&b) -
© ( J:BTkadx)a =(N)_q,~(N")_q,+ [N"Qdx

(d) & (H) -

4. (a) px =—(1/6)tpL, px2 = —(4/6)tpL, px3 = —(1/6)tpL, py1 = Py2 = py3 = 0
(b) Node A, 0.0833tpR, 90° from x axis

Node B, 0.345tpR, 75° from x axis

Node C, 0.167tpR, 60° from x axis

Node D, 0.345tpR, 45° from x axis

Node E, 0.167tpR, 30° from x axis

Node F, 0.345tpR, 15° from x axis

Node G, 0.0833tpR, 0° from x axis



