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1 (a) Using the time advance property of the z-transform we get
zY (z) —zyg +aY (z) = bU(z)
which can be rearranged to
Y(z)(z+a) =bU(z) + Bz

Dividing both sides by z + a gives

which is the desired result. [15%]

(b) We can solve recursively the difference equation

yo = B
y1 = —af
yy = dB

y3 = —aP

giving a general solution y;, = (—a)* B. From left to right are the graphs of y;, versus k for
a<~—1l,-1<a<0,a=0,0<a<1anda> 1, respectively. [30%]
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Fig. 1

(c) Substituting the feedback law into the difference equation gives yy11 +ayy =
b(—cyr+ri), o Ypoq + (a+ be)yy = bry. Taking the z-transform on both sides, with zero
initial condition, gives
Y(2) b
- R(z) " Z4atbe
The closed-loop system is stable if and only if the pole at —(a+ bc) is inside the
open unit disk, i.e., if @+ bc| < 1. [20%]



(d) We have that
5]

- |e1'9+a+bc\’

7€)
Using the triangle inequality
‘eje +a+bc‘ < \efe\ +la+bc| =1+ |a+bc| <2.

and
Iej6 +a+bc‘ >1—|a+bc|.

from which the result follows. [35%]

2 (@) (i) The closed-loop system will be stable if and only if the Nyquist diagram
of G(z) encircles the —1/k point P times counterclockwise where P is the
number of poles of G(z) outside the unit circle. [10%]

(i) The Nyquist diagram of G(z) is shown below. [20%]

Nyquist Diagram

Imaginary Axis

15 1 . ) y 1
-4 =35 -3 -25 =2 -1.5 -1
Real Axis

(i) For & = 0.5, —1/k = —2 and there is one counterclockwise
encirclement, so closed-loop is stable. For £ = 2, —1/k = —0.5 and there

is no encirclement, so closed-loop is unstable. [20%]









H “')
P e
=

. 2“:&)_ c«'u ['«"Kif\ nl’\.){{.*‘” g ft«\’t

N iy A L/ A\
Pole bl b Vb ables X ool }1

g~ ﬁ‘/{g}?& ﬁ%f ;é;\ e ’f”ﬁ\tgr !7'{ L anreg (;&%AV&{)&;"?}:J

L R .
j’“ﬁﬁ{{h” 3o that Y - ><’V>’

J ’ A
N [ A F LN g\ [, e
Tz U2 = ()% v 1Y)
o Lol (0 o o f o
[?L >{ L Y a e 9e U (Swoudd aon 7':»5\@4 Z et Q&{Sé
— he o Lé; AUSES ey proceds o hose mean 3 X i
i / , 5
antl s é»é”}?v%?;_ VA vy i;iifm(i’i il L= a > B Foe¥i]-
> % g WAXGS!
by - ) = B Syl Y £ 4 "‘“'\1
)y Oesl) = EJX(4) X(£xm)T
N Bl A= X - -
TL{;‘\ powed @% Yo o v g f»a.ﬁ«wie, Load
| = BN YAY
Py E §>< () L , -
) “ N PO A 1S
!’,{iﬁ ¢ ‘?_ g M&\}Q é{M @4;“ } = r}(&f ( L¢‘ > :':' il Ylﬁ ( L

Q) Y(£) = ki) # X(£)

= Ll x x(b) 4 6
= X (&) + X({-T

§
11

Py ({\4, “C) £ X(ﬁ»(i »‘T&@l@

= ESxi4 k({i@% + E i X(£) X@w"f%fii?

FE R X (x| o Bl X (]

P

- r&x(ﬁﬂ ~ Nex ('E"T) =+ Mox C”‘C‘?‘T)

LY

e (%)

= Py (1-T) 4 2r(n) 4 N C"’L-f-T)







S Ch Ky (rat) N
. D@ VN
a S LA
""" o T e A T
- r“y‘y {ﬁ;} = Su W\é‘g” i S S /. PR
B i i{/ - | “1‘/,./ \ y P 7 ‘ aﬂ» ‘\A‘"‘——‘
i =27 =T 0O T T
,,,,,, ] LA
; N _ )
= v N
B 4 e ~0T_ 2T _
M . o f N ( o ] i/ - r,\t} \ J \,«F | <. T
F AR ‘yy1({) = 2 E\?x Ut e ) %\?v L  —_ l
e
é © Poe |l Yo7
Mes power 22 Y(k) = By (o) = 2A Al
. (i) Y{{—) s 1T Suu @f- X(€) and X(/'{\»T ) o I

N, » F ; Y p
;pé\{l wall alss be Ci;\'mtjf;“a,a\; S/uee q"iigj duine.

oiid el T be /\w(iél,ﬁ endent,

k(f") i“; 2Lt HAR olin. S (”f% P dwred” W’f\[z izﬂwf
—L . A :

e o ., « :
D I A s e 2

Henw Y(4) A 2ems medn and viemance LA

Lo/ ‘
S I /ea)
« Y] Z"& ] jnd { 3
2! NiT &y '







F i R
() Multiplyme  each (hequl Iy he S O
/B : ]
- Subaping  evey [ Gives$

Swe R(s) = \) P L«st(

() ek L=

e % i ek e yu (T

(f/i\ a ‘\; X~ T{i{wf‘

i1
(I S
o
‘,F
{-.
[y
o
{
.
o

<
—
oo
P |
b

id
e
O
g
4
)
¢
._P
it
)

| khﬂ} = P(\(wi XV\M ) /j P (\f\r\~e>

Conli Bk potcblify Audle

Plx.
.

M

Jzkvvi\x): ‘\XD\F! A B

T e e
A ‘
%

0:9233 0.6

R OOET 0 i
| E [2:07.]
) Cokebrad ey W (OGXo)

= Hx % =a) () + H(x,

" ¥L€:B>P(B> |







RN N D

- 0/ R AT QAP N ‘3 ) .
’ . {

i 3

3 1} v ' ¢ . o - ﬁ} & . . X wu;n b i
R (’51;_ ¢+ oty g | O )
_______ = o9+ 026053 6.9 ¢ ok 4+ @5;%%)@9;

= O (5

ﬂfi V\'\kam/k lM?‘G’VMC« {.‘{ A

)
T
P,
ey
S
L
l
-
(N
g
I
w
=
»
N
|

/n,‘x AR

— 0.05%9

TQML Je_,lf\”{:‘r‘i?g») %\f* N CMLLLR\V{. Szgm(:m@s H (Xg}s,‘ , Xm)

AR MG Y e € HO o)
= H(x,) @\mwmm )

~ ) “Aéx%@p A 4»\ LND@ !)‘5\; g‘>

0539 4+ N 0|5 YA

- an? T ; T
S i T i Lo v O . .
S PbAs Puer M R g vl JUY e TN e D
- ) 7 ¥ 77
y3 < PSR, 2k AY H
His) & L~ 1) < |
— 1 . - f{‘ \ . L PN WA Y N S
~7 o E T HE
— {.\i H

T i \.’\a;/!"ﬂ‘/’t/\f U 4 : . - <
N N
057, ]







