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1 The Discrete Fourier Transform (DFT) for a data sequence {x,} of length N, where
N is here assumed to be a power of 2, is defined as

N-1 ox
Xp=Y xe/N" p=0,1,..,N—1
n=0

(@)  Show that the DFT values X, and X,y /2 may be expressed as

where A, is a series involving only the even numbered data points (xg, xp, ...) and Bp is a
series involving only the odd numbered data points (x1, x3, ...) and W is a constant which
should be carefully defined. [30%]

Derive the total computational complexity for evaluating X, and X, /2 for p =
0,1,...,N/2 — 1 and compare this with a full evaluation of the DFT (assume that complex
exponentials are pre-computed and stored). [20%]

Solution:

This is a very detailed solution - more detailed than requires for the 50% marks.

N N
N_ N_
2 2 27
2 L (on+1
Xp—ZX2€JW(")P+ZX2+1€ GO
n=0 n=
n _ 2% —jEn
= Y xoe TW/Q" 4 pmiFP Z Xopa1€ TP
n=0 n=0

where

To see how this simplifies, look at the original DFT in (*) above, but evaluated at
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frequencies p+N/2:
%_1 : 2R (p+N/2) o %—1 : 27
XP+N/2 = Z X2n € T +€_JW(p+N/2) Z Xpt1€ o7
n=0 n=0

Now, simplify terms as follows:

.0 ]
e_J(N}zz)n(erN/z) :e_JTI\%np I (p+N/2) _e—J'zwﬂp

y =

Hence,
¥-1 2 §-1 2
—j-(——np —jir —Jr P
XP+N/2: Z Xop € N/2) —e JNP Z Xopy1€ (N/2)
n==0 n=0

with A, W” and B), defined as before.
Look at the two required terms (W7 assumed precomputed and stored):
§-1 - on §-1 . 2n

Ap = Z x2ne_J(_1Wz_)npa Bp = Z x2n+le_JWnp,

n=0 n=0

*The terms A, and By need only be computed for p = 0,2,...,,N/2 — 1, since
X, N /2 has been expressed in terms of Ap and B, - hence we have uncovered

redundancy in the DFT computation.

*Thus calculate the Ap and B, for p = 0,1,...,N/2 —1 and use them for

calculation of both Xp and Xp +N/2

*The number of complex multiplies and additions is:

—Ap requires N /2 complex multiplies and additions; so does Bj,. The total
for all p=0,1,...,N/2 — 1 is then 2(N/2)? multiplies and additions for

the calculation of all the A p and B, terms.

~N /2 multiplies for the calculation of WPB, forall p=0,1,2,...,N/2 —1

~N = N/2+ N/2 additions for calculation of A, + WPB), and Ap — W¥By,

*Thus total number of complex multiplies and additions is approximately N 2/2

for large N
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(b)
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*The computation is approximately halved compared to the direct DFT
evaluation
*The number of complex multiplies and additions is:

~Ap requires N/2 complex multiplies and additions; so does Bj,. The total
forall p=0,1,...,N/2 — 1 is then 2(N/2)% multiplies and additions for
the calculation of all the Ap and B), terms.

—N /2 multiplies for the calculation of W?B,, forall p=0,1,2,...,N/2~1
~N = N /24 N /2 additions for calculation of Ap +WPB;, and A, — WPB,,

*Thus total number of complex multiplies and additions is approximately N 2 /2
for large N

*The computation is approximately halved compared to the direct DFT
evaluation
]T

Define a vector of data points as X = [xp, x1, ..., xy—1]" and the corresponding

vector of frequency components as X = (X, X1, ..., XN_I]T.

Show that the DFT may be expressed in matrix-vector form as

X =Mx

where M is an (N x N) matrix whose nth column is defined as

my, = [WO, Wn, W2n’ W3n, ’W(N—I)H]T

and W is as in part (a).

Solution:

If we define w = exp(—j27/N) then we can write:

N1
Gp= Y g’
n=0

80
:[1 wP wiP W(N_l)/)] ?1

EN-1
:(W}))Tg
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where

i
wP

7
Wp = M)“P

W(N—l)p
[Note that .7 denotes the Hermitian transpose, i.e. the complex conjugate of the

transpose].

(¢c)  Hence derive, by direct application of matrix algebra, the inverse DFT in the
form:
x = HX
where the elements of H should be carefully defined. [30%]
[Hint: consider the products m,H m; in the case where i = j and i # j. Note that m{{
is the complex conjugate of the transpose of vector my;]
Solution:

Now list all the Gp s in a vector G to obtain:

GO Wg
GI W]T
G o = g
GN_] ‘Vgr_l

Since the rows of W are orthogonal, i.e. wg wy = 0 for p # ¢, and wg wp = N for

all p, we have:
WwW7 = N1
ie.

1
wl = —wH
N
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Hence we immediately have an alternative (and simpler) derivation of the inverse
DFT:
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2 (a) Anautoregressive (AR) model of order P is defined by the following equation:

P
Xy = — Z AiXp—;+eén
i=1

where {e, } is a zero mean white noise process having standard deviation o.

Show that transfer function H(z) from e to x can be expressed as

1
H(7) = —
(2) e
where A(z) should be derived. Hence or otherwise write an expression for the power
spectrum of this AR process. [30%]
Seolution:

Taking z-transforms:

P
X(z)=-Y aX(2)7 '+ E(2)
i=1

Hence: ()
Z
X(Z) I
ie.
Hz) = ——
A(z)
where

P
AR)=1-) aiz™
i=1
Power spectrum obtained using linear systems results for random processes:

2
. » . G
Fx(eIOT) = S (/1) |H(IOT)? = TA(eJOT)2

(b) A second autoregressive process {y,} is defined in the same way, driven by
a second zero-mean white noise process { f }, which is uncorrelated with {e, }, and also
having standard deviation o:

P
Yo=Y biyn_i+en

i=1
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The two processes are now added, i.e. we take w, = x, + y,. Show that, in the
z-transform domain, W(z) may be expressed as:

_E (z)B(z) + F(2)A(z)

K e

[10%]

Now, take both AR processes to be first order, i.e. P = 1. Consider the numerator
term U (z) = E(z) B(z) + F (2)A(z), which corresponds itself to a sum of random processes.

Show that the process corresponding to E(z)B(z) is uncorrelated with that
corresponding to F(z)A(z). [20%]

Hence show that the power spectrum of this process is:
Sy (/) = o2 (2—1—2((11 +by)cosQ+a? + b%))

[20%]
Solution:

In the z transform domain we have:

X(z):}—j%, Y(z)=%

Hence _E(2) | F(z) E@BR)+FRA()

S AR Bl) A(R)B()
Now, looking at U(z) = E(z)B(z) + F (z)A(z), we can see that each component is an
MA process, i.e. FIR filtered white noise.

W(z)

Take E(z)B(z). With P = 1, this can be written in the time domain as:
vp=ep+bie,_1

Similarly for F(z)A(z):
Wn = fnt+ajfp-1
[i.e. these are first order MA processes]

Consider their cross-correlation function:

E[Vnwn-i-k] = E[(en + blen—l)(fn + alfn—l)]
=Elenfa] +b1Eley—1 fu] +a1b1E[en_1 fu—1] + a1 Elenfr—1]
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But since e and f are uncorrelated we have Ele,, f,,1 ;] = 0 for all » and k. Hence all terms
above are zero and the two processes are uncorrelated.

Since the two processes are uncorrelated their autocorrelation functions and hence
power spectra add and we have

Now, v has power spectrum

o?|B(e/*T)?

and w has power spectrum
GZIA(e]a)T>|2

Hence total power spectrum is

Su(el®) = o2 (1B(e/°T) P+ A(/™T)2)

I

o2 ((1+e 79T b)) (14 /Ty + (1 4+ ) (1 —%—e]“)Tal))

02( (et 10T 1 f“’T)(b1+b2)+a%+a§)

Il

62 (2+42(ar +by)cos @+ af + b} )

as required.

(c) Hence or otherwise write down the power spectrum for {wy}. Is {wy} itself
an AR process? Justify your answer. [30%]

Solution: Given power spectrum of U, we may use the linear system result once
again to get:

Sy (e/?)
|A(e/)B(e/?)|2

But, this does not simplify further and hence not an AR process, since an AR process has

Sw (') =

just a scalar on the numerator of the power spectrum.

[In fact, the resulting process is an ARMA(2,1) process, but the students are not
expected to say that.]
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3 (a) Discuss the principles of the Wiener filter, including the error function to be
minimised, the assumptions made about the random processes involved, the information
required to determine the filter, and application scenarios where the filter can be
employed.

Solution:

In the most general case, we can filter the observed signal x,, with an Infinite

impulse response (IIR) filter, having a non-causal impulse response /p:
{hp;}’7:_00.,..7*1;0:l;ztu,_/oo} (])

*We filter the observed noisy signal using the filter {/,} to obtain an estimate
cfn of the desired signal:

oo
Cin = Z hp Xn—p (2)
p=—co
*Since both dy, and x,, are drawn from random processes {d,, } and {x, }, we can
only measure performance of the filter in terms of expectations. The criterion
adopted for Wiener filtering is the mean-squared error (MSE) criterion. First,
form the error signal g;:

En — dn - (ln = dl’!. - Z hp,\'n_p

p=—o00

The mean-squared error (MSE) is then defined as:

J = E[g]] 3)

*The Wiener filter minimises J with respect to the filter coefficients {4, }.

The Wiener filter assumes that {x,} and {d,} are jointly wide-sense stationary.
This means that the means of both processes are constant, and all autocorrelation
functions/cross-correlation functions (e.g. ry4(n,m]) depend only on the time difference
m —n between data points.

Applications in noise reduction, active noise control, econometrics, mobile
telephony, ... [many more possibilities acceptable here]

(b) Inastock market trading system it is desired to predict the price of a share six

months into the future. The raw prices are first adjusted to remove any trends or offsets of

Version 2 - 4 Feb 2008 (cont.
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the mean away from zero, leading to a random process of prices {x, }. It is then proposed
that the price x; and the price one month ago x,_{ might be used to make the prediction

via a linear estimate of the form

X6 =axs + bx; -y
where a and b are constants to be determined. You may assume that the adjusted price
data are approximately wide-sense stationary over the period of interest. Under an
expected mean squared error criterion for the prediction, show that @ and b must satisty

the following conditions:
arxx[o] ‘Jr“ brxv[l] - }"xx [6]7 brxx [O] + arxx[l-J - rxx [7]
where ry[k] is the autocorrelation function of the data.

Solution:

Error criterion is:

& = (ﬁz+6 _xr+6) = (axt + bx; ) X6

and P
€&n
9a (x7)
dey
j}f_ = (X—1)

Then

= E{((axt -+ bx,—y) — Xy 4.6)%]
= aE[xj] +bEy %] — Elx 63
= Ary 0]+ brix[1] — ryx[6]
Hence at optimal solution require
aryx|0] + brc[1] = rix[6]
Similarly for b:
JE|e2]0b = E[2¢, =
= E[((ax + bxp 1) —x;46)% 1
= aE[xix 1]+ bE [x_1%-1] — E[X 6% -1
= arxx|l] + brex[0] — rex[7]
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Hence at optimal solution require

(["XV\-‘[I.‘I “%" brxx [OJ = i’x([7}

1

- [Note that we have used the result that ry[k] = re[—k| throughout.]

(c) A financial analyst believes that the following formula applies for this data:
Elxex, ] = 8[k] +0.2/(]k} +0.2)

where §[k] is the unit pulse function.
Compute the optimal constants @ and b, assuming that the above formula is correct.
Compute also the expected squared error for the prediction when these optimal values are
used. How much of an improvement is this compared with the simple predictor given by
Rip6 = X1. {35%}
Solution:
We need the following correlation values, obtained from the given formula for

E[xix, _]:

Fex[0] == 2, rl1] = 1/6, rex6] = 1/31, rix[7] = 1/36
Then, plugging values into the conditions for optimal solution:
2a+b/6=1/31, 2b+a/6=1/36
Solving this equation by hand:

a=0.015,b=0.013

The expected error at this solution is:

E[S;%] = Elen((axy + bx;—1) — x146)] = Elen(—%46)]
= *arxx[6] - brxx[ﬂ + Fxx [0]
=2-0.015%1/31 —0.013%1/36 = 1.999

where the first line simplification is obtained because E[g,((ax; + bx,_1))] = 0 at the

optimal solution.
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E[e}] = El(xy — 52, g)] = 2rxx [0] — 2rxx 6] = 3.93

d

So - much better than the estimate £, g = x;.

[However, an estimate of £; ;¢ = 0 does almost exactly as well as the Wiener filter,
so there is very little to gain from the Wiener filter really in this scenario. The problem
is that there is not enough correlation in the process to make any predictor reliable.
Candidates not expected to spot this final point]
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4 Consider a data set of pairs of observations 9 = {(x,,yn)} wheren=1,..., N and
N is the total number of data points. Assume we wish to learn a regression model

Yn = aXp+ €y

where &, is independent zero-mean Gaussian noise with variance 2.

(a) Write down the log likelihood log p(yy, ..., yN|%1, - - -, X, a, 6%) in terms of
Y1y --s YNsX1, ...,xN,a,O‘Z. [40%]

(b) Assume the following data set of N = 4 pairs of points
7 =1{{0,1),(1,2),(2,0),(3,4)}

Solve for the maximum likelihood estimates of @ and 62. [40%]

(c) Assume the same data set, but instead a regression model that predicts x given

y:
Xp = byn+ €,
Is the maximum likehood estimate of b equal to %? Explain why or why not, giving a
derivation if necessary. 140%]
Solution:
(a)
) N
10g17(y1,...yN[xl,...,xN,a,G ) = Z 10gp }’n‘xn,a o )
n=1
N 2 & 2
= —7lo g(2nc )—~¥ —axy)

(b) Solving for a reduces to minimising
(2—a)?+(0—2a)% + (4—3a)?

Taking derivatives
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—4+2a+8a—-24+18a=0

therefore a = 1. Computing the average squared residuals for o2,

1 7
2::—- - —
c 4[1+1+4+1] y

(¢) No the ML estimate of b is not 1/a since errors are being measured in x now.
In fact, minimising (0 — b)% + (1 — 2b)% + (2 — 0b)% + (3 — 4b)? we get 42b = 28, s0
b=2/3.

END OF PAPER
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