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1 (a) The open-loop system has two poles at —0.5 £ j0.8062. The pole-zero
diagram in Fig. 4 shows the poles inside the unit disk, and so the system is stable.
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Fig. 4

(b) The closed—loop transfer function is given by

n)_ﬂ@_ K(2)P(z) K(z)
YT R T 11K@QPE)  2+2+09+K()

(c) The closed loop poles are the roots of z2 +z+ 0.9+ k = 0 which are given by
= —1++/—4k—-2.6
B 2

For closed-loop stability we need the poles inside of the unit disk. For —4k — 2.6 < O the
poles are complex and therefore we need

() (=

or | —4k—2.6| < 3. Since 4k+2.6 > 0, we get 2.6 +4k < 3, or —0.65 < k < 0.1. For
—4k —7 > 0 the poles are real and therefore we need

—1++/—-4k—-2.6
< 5 <1

-1

or =2 < —1 —+/—4k—2.6 and —1 + \/—4k2.67 < 2, which is equivalent to
V—4k—-2.6 <1and v—4k—2.6 < 3. Since —4k—2.6 > 0, we get —0.9 < k < —0.65.
Combining both, we get the final answer of —0.9 < k < 0.1.
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(d When k ¢ (—0.9,0.1) the system is unstable and therefore y, will grow
unbounded. When k € (—0.9,0.1), the closed—loop system is stable and we use the final
value theorem (the closed—loop transfer function 7'(z) was found in part (b)):

k z k
+74+094+kz—1 294k

lim y, = lim(z—1
I z—>l( )22

n—oo

() Atz=—1, K(1)P(1) = —0.0115 and therefore the phase must be —180
degrees. Plot D cannot be since the phase at frequency 7 rad is —360. Evaluating
K(z)P(z) at z= e/>! gives |[KP| = 1.6 and so, C cannot be. Plot B has a resonant peak at
around frequency 1 rad. However, the resonance peak should be near frequency 2.1 rad,
which is the angle of one of the complex poles in P. Thus, the correct one is A.
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All elements are linear and time-invariant.

[10%]
(i) Consider the following input:
A A output of DAC
u(kT) ° u(t)
[
®
2T}--@
Te T
S > >
T kT t
Fig. 5
This gives a convenient signal u(¢) and hence a useful formula for H(z).
T 1 Ts+1
) =T+ ()= +5="5
T Tz} T TZ2
WkT) =T+ @ l—z’l—k(l—z_l)2 (1-z71)2  (z—1)2
Then,
— Ts+1
oy =27 (60 74)
§ t=kT
and the result now follows from H(z) =Y (z)/U(z). [40%]
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1
Module 3F1, April 2009 — SIGNALS AND SYSTEMS - Answers

1 (a) Open-loop poles at —0.5 =+ j0.8062. Stable.
(b) T(z) = K(2)/(z* +2+0.9+K(2)).
(c) -09<k<0.1.
(d) For —0.9 < k < 0.1, limy e yn = k/(2.9+k).
(e) A.

2 (b) (i) g(x) = 01/2/d.

3 (b)ox=4.
(d) Sy(@) = —4Qx Tsinc?(wT /2) — 4Qx Tsinc?(oT).

4 (b)I(Sp;S,_1) = 0.4282 bits.
(c) L= 1.3 bits/sym.
(d) L =1.165 bits/sym.
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