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I Consider the Airy stress function
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(@) Derive the stress components o,,, 0,9 and ogg from ¢. [30%]

(b) Show that ¢ describes the elastic solution for the stress components

around a small hole of radius a in a large thin sheet that remotely carries a uniaxial
stress oy . [30%]

(¢) A closed-end thin walled cylindrical pressure vessel of diameter D and
wall thickness ¢ carries an internal pressure p. The cylinder has a small hole of
radius a in its wall remote from the ends of the cylinder. Find an expression for the
distribution of hoop stress along the dashed line in Fig. 1. This line is parallel to the
axis of the cylinder and passes through the centre of the hole. You may assume that
t<<a<< D, [40%]

Fig. 1
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2 A long shaft has a uniform circular cross-section of diameter D. It is made from
a material with shear modulus G, and carries a torque T that causes a twist per unit

length S.

(@) The shear stress in the shaft at a radius » is givenby 7= Gpr. By direct
integration, find the torque 7 carried by the shaft.

(b) Find a Prandt] stress function y for this problem and show that:
(i) w satisfies the governing equation V2 = -2Gp for elastic torsion.
(i)  satisfies the equilibrium equation 7 =2 LwdA, where A is the

cross-sectional area of the shaft.

(c) It is proposed that a rectangular slot be cut in the shaft, as shown in the

cross-sectional view of the shaft in Fig. 2. Describe the consequences of this for (i) the
stiffness T/ and (ii) the peak stress in the shaft.

Fig. 2

(TURN OVER
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3 (@) Explain briefly the differences between Lower and Upper bound

plasticity solutions.

(b)  Figure 3 shows a plane strain extrusion process in which a billet is
extruded sideways from a container as the punch moves from right to left. The material
of the billet can be considered to be rigid-perfectly plastic with a flow stress in shear of
magnitude k. The thickness of the billet is ¢ as is the width of the slot from which
the material is extruded. Velocity discontinuities for an Upper Bound analysis are
indicated by dashed lines and the material emerges in a direction y controlled by the
position of point P. Point P is located by a distance x¢ from the right edge of the slot
as shown in Fig. 3, where x is an unknown to be determined from the Upper Bound
analysis.

() If the interface between the deforming material and the interior of
the container is well lubricated explain why = tan~12.

(i) In practice, the interface between the deforming material and the
container offers an interfacial friction stress equal to  fk  where
0<f<1.If f=0.2 whatwould be the expected value of x ?

(iii) If f=0.4 make an estimate of the extrusion force F required

per unit width of material in terms of & and ¢.
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4 A thin walled tube of mean radius » and wall thickness ¢ has closed ends
and can be subjected to an internal pressure p. The tube material is elastic, perfectly
plastic, with Young’s modulus E , Poisson’s ratio v = 0.3 and yield stress in tension
Y . This closed tube is held in a stiff test machine whose grips are fixed so that the tube
cannot lengthen.

(a) In a first test, Fig. 4a, the internal pressure is increased until the tube
yields. Determine an expression for the yield pressure p intermsof Y, r and ¢

using the von Mises criterion.

(b)  Inasecond test, Fig. 4b, the internal pressure is maintained at one half of
the yield pressure of part (a) but an increasing torque T is applied. Again using the
von Mises criterion, determine the value of T at which the tube yields in terms of Y,
r and t.

(c) Calculate the direction of plastic straining in the first test. Express your

answer in terms of the ratios of the plastic strain increments.

1
L}
L}

(b)

Fig. 4

END OF PAPER
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Engineering Tripos Part [IA

1. Axi-symmetric deformation : discs, tubes and spheres

THIRD YEAR

Module 3C7;: Mechanics of Solids
ELASTICITY and PLASTICITY FORMULAE

Discs and tubes Spheres
d(ror d(r2q;
Equilibrium = drﬂ) Py g = L 4200
+ T
Lamé’s equations (in clasticity) o = A - % - '38—v por? — %fr?‘dr gr = A —%
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2. Plane stress and plane strain
Cartesian coordinates Polar coordinates
. ou du
Strains G = & &r = E:
& u  1lav
& = o %0 =7 o6
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By =y T ox =% *ree " r

Compatibility

or (in elasticity)

Equilibrium

Vg = 0 (in elasticity)

Airy Stress Function
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3. Torsion of prismatic bars

: é d
Prandtl stress function: o (= %) = EW’ Oy (=7) = - a_:

Equilibrium: T =2yd4
A
Governing equation for elastic torsion: ~ V% =—2G# where f is the angle of twist per unit length,
4. Total potential energy of a body
I=v-w

and [D] is the elastic stiffness matrix.

2

where =lj g'Dlgdv , W=pPTy
¥

Principal stresses and stress invariants

5.
Values of the principal stresses, op, can be obtained from the equation
Oxx — OP Txy Oxz
Gy Oy~ OP Oy =
Oxz Oyz Ozz,— OP

This is equivalent to a cubic equation whose roots are the values of the 3 principal stresses, i.e. the possible values of op.

Expanding: ap® — I op? + Iop — I3 = 0 where I} = oxx + oy + Oz,
Oxx Oxy Oxz
%y Oyz Oxx  Oxz Oxx Oxy
I = + + and Iz = Txy Oyy Oy
Oyz Oz Oxz Oz Oxy Oyy
Oxz Oyz Oz

6. Equivalent stress and strain

Equivalent stress & = ’\/% {laa-) + (- )% + (o3-n)? } va

Equivalent strain increment de ='\/% {dei? + da? + da? } S

7. Yield criteria and flow rules

Tresca
Material yields when maximum value of |01 — 3), |op— @3] or |o3—ay] = ¥ = 2k and then,
if oy is the intermediate stress, dej :dey :dey = A(1:=1:0) where 4 #0,
n Mises
Material yields when, (o] — o3)? + (a2 —a3)? + (@3 —o1)2 = 2F2 = 6k2, and then
da, _da _ dy _ da-dg _ dg-dy _ ds-da _ . _ 3ds
a3 o -? o ~03 o3 - 01 20

adr e
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Answers to 3C7: Mechanics of Solids (2011-2012)
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(b)Gii) x=0.45
(b)(iii) F =2.68kt

@ T

@  p=1125%/r
(b) T=3.14r%Y
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