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Engineering Tripos Part IIA, Module 3F1,
SIGNALS AND SYSTEMS
SAMPLE SOLUTIONS TO EXAM MAY 2013

. Solution: A discrete-time system with input sequence {uy} and output sequence

(z+1)

2(z—1)

(a) Calculate the step response of this system, and check your answer is consis-
tent with the initial value theorem and/or the final value theorem if either
one applies.

U(z) = z/{(z — 1) and

{yr}, has transfer function G(z) =

(z+1) _ (P +2?)

Y(z) = G(z)U(z) = GoTE - (1) o

and from the data book z-transform table we have Z {k},., = (T_f—;——l)—z and
Z{k— 1};621 = ﬁvf-;f)z-and henceys = 0and y, = 2k—1for k > 1. The final
value theorem does not apply since the poles of (z — 1)Y(2) include one at
z = 1, but the initial value theorem does apply and yy = lim, ., Y (z) = 0.

(b) Write down a difference equation with this transfer function and check the
first three values of the step response calculated above agree with the corre-
sponding solution of the difference equation.

Difference equation,
Yk+2 = Yet1 = Ugs1 + Ug

has transfer function G(z). Withyp, = 0for k < O and up = 1for k > 0
successively solving this difference equation gives yg = 0, y; = 1 and 7, =
y1 + uy + ug = 3, agreeing with the above.

(c) Show that

oy —J s
G(e )—-We .

Note that ngj’} = e;jé:i;;%z - fj@;i((%’zz)) which immediately gives the result.

(d) Sketch the Nyguist diagram for G(z). This system is now connected in a
standard unity gain negative feedback arrangement with a precompensator
with a constant gain, K. Using the Nyquist stability criterion determine
what values of K gwe closed-loop stability.
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Note that at G(e/™/?) = —1. This gives the following Nyquist plot, where
the semicircle goes round to the right. There will hence be no encirclements
of the point —1/K if 0 < K < 1 when the closed-loop system will be
stable. There will be two clockwise encirclements if K > 0 and one clockwise

encirclement if K < 0.

Nyquist Diagram

S TG IO GNP S |

(e) For K = 1/2 and the external reference signal, r = cos(wkT'), determine
the behaviour of the error, e, = Tr —yx a8 k becomnes large for the three cases,

wl =0, n/4, .
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e
EX(z) = TRam f?) and since K = 1/2 is stabilising we have that ¥ —
|H (e7%)| cos(wkT + £G(e?®)), where H(z) = ﬁl‘{lc'@? 0 =wl =0, n/4, 7.
Now
(i) since G(e’®) = oo, H(e®) =0, so ey — 0;
(ii) G(e’™) =0, H(e’™) =1, s0 ey — (—1)%;
(iii) G(e?™4) = ~jcos(n/4)  sin(n/4) _ —1.71—1.715, H(eI™/*) = m =

) tan(w/8) tan(w/8) ~
1.15e4% | 50 ey — 1.15 cos(wkT + 1.40)

(f) If the input to G(z) is wx = (—1)* for k > 0, calculate the output and
comment on its relation to the frequency response.
In this case U(z) = Zys0 Y (2) = - and hence yp = O and v = 1 for & > 1.
Hence the output due to the sinusoidal input is zero because G(&’™) = 0 but
the output does not tend to zero because the system is not stable due to the
pole at z = 1. .

2. Solution:

(a) A linear discrete-time system with input sequence {ux} and output sequence
{yx}, has pulse response sequence {gr} and transfer function G(z).

i. Show that if

o<

D gl = M < o0 (1)
k=0

then bounded inputs will produce bounded outputs.

Standard bookwork.

ii. In the case G(z) = @%ﬁ show that (1) does not hold and that there

exists a bounded input that gives an unbounded output sequence.
For G(z) = —'~, the pulse response will be gg = 0,91 = 0,92 = 1,93 =

2241
0,94 = —1,95 :-l 0,96 = 1,---. Or from the databook with wyT = 7/2,
r =1, a =0, giving g, = sin(a(k — 1)/2), for & > 2. Clearly, although
the gy remain bounded the > |gx| — oo. If the input sequence, u; = gy
then Y (z) = szi_—l-)'g =221+ 27272 =272(1 - 2272 + 3274 — 4275 +
< (=1)%(k + 1)z7% 4 .... This clearly increases without bound as
k — oo, giving an unbounded output for a bounded input.

XXX 2013
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Engineering Tripos Part ITA, Module 3F1,
SIGNALS AND SYSTEMS
SAMPLE SOLUTIONS TO EXAM MAY 2013

. Solution: A discrete-time system with input sequence {ux} and output seqhence

{yr}, has transfer function G(z) =

(a)

(z+41)
z2(z—1)

Calculate the step response of this system, and check your answer is consis-

 tent with the initial value theorem and/or the final value th€orem if either

(b)

(d)

one applies.
U(z) = z/(z —1) and

(z+1) (2,
(z—1)2 f1—z1)2

and from the data book z-transform table we have Z {k},., = -(—1—"“;:—1")“2“ and
Z{k -1}, = mand hence yp = 0 gfid yx = 2k—1 for £ > 1. The final

value theorem does not apply since the/poles of (z — 1)Y(z) include one at
z = 1, but the initial value theorem dbes apply and yp = lim, 0 ¥Y(2) = 0.

Y{(z)=G(z)U(z) =

Write down o difference equatiow/with this transfer function and check the

first three values of the step res’f;onSe calculated above agree with the corre-

sponding solution of the d%me eqﬂgiz’on.

Difference equation,

/ Ykt = Yokl = Uk1 + Uk

has transfer functio%(z). With y, = 0 fb}” k< 0and uy =1fork >0
successively solving/this difference equation gives yo = 0, y; = 1 and 32 =
Yy +uy + up = 3/ greeing with the above. "

Show that /' ,
/ ( 63‘6) _ —J el
tan(0/2)

53 +1 __ eje{z-;-g_ja/2 _ ZCDS(G/Z)
Note that &) = “Grc5or = 25m(/2)

which imnledia%e}y gives the result.

Sketch the Nyquist diagram for G(z). This system is now, connected in a

tandard unity gain negative feedback arrangement with a precompensator
with o constant gawn, K. Using the Nyquist stability cmtemqn determine
what values of K give closed-loop stability. AN
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