
Engineering Tripos Part IIA, Module 3F1, 

SIGNALS AND SYSTEMS 


SAMPLE SOLUTIONS TO EXAM MAY 2013 


1. Solution: A discrete-time system with input sequence {Uk} and output sequence 
. (z + 1)

{Yk}, has transfer functwn G(z) = z(z _ 1)' 

(a) 	 Calculate the step response of this system, and check your answer is consis­
tent with the initial value theorem and/or the final value theorem if either 
one applies. 

U(z) = z/(z - 1) and 

(z + 1) (Z-l + Z-2)
Y(z) . G(z)U(z) (z 1)2 (1 - Z-1)2 v 

and 	from the data book z-transform table we have Z {khco and 

Z {k 1}kc1 = (1~:\)2 and hence Yo = 0 and Yk = 2k-1 for k 2: L The final 
value theorem does not apply since the poles of (z l)Y(z) include one at 
z 1, but the initial value theorem does apply and Yo = limz-too Y(z) = O. 

(b) 	 Write down a difference equation with this transfer function and check the 
first three values of the step response calculated above agree with the corre­
sponding solution of the difference equation. 

Difference equation, 

Yk+2 - Yk+l = Uk+l + Uk 


has transfer function G(z). With Yk = 0 for k < 0 and Uk 1 for k 2: 0 
successively solving this difference equation gives Yo = 0, Yl = 1 and Y2 = 
Yl + UI + Uo 3, agreeing with the above. 

(c) 	 Show that 
G(ejfJ) _ -j -jfJ 

- tan(e/2) e . 

ejB/2+e-jB/2 2cos(fJ/2) h' h . d' t 1 . h 1Note that = ejB_e-jB/2 2jsin(e/2) W IC Imme la e y glves t e resu t. 

(d) 	Sketch the Nyquist diagram for G(z). This system is now connected in a 
standard unity gain negative feedback arrangement with a precompensator 
with a constant gain, K. Using the Nyquist stability criterion determine 
what values of K give closed-loop stability_ 
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-j -iO---"--- e 
tan(B/2) 

sin(B) j cos(B) 
tan(B/2) tan(O/2) 

-2cos2 (O/2) _ j cos(O) 
tan(O/2) 

--+ -2 joo as 0 --+ 0 

Note that at G(ei7r/ 2 
) = -1. This gives the following Nyquist plot, where 

the semicircle goes round to the right. There will hence be no encirclements 
of the point 1/K if 0 < K < 1 when the closed-loop system will be 
stable. There will be two clockwise encirclements if K > 0 and one clockwise 
encirclement if K < O. 

. .. _._.~l_.,._ ~._.___._ . _____________ ••••L __ .. __.)"_._ 

'2.5 2 1.5 ,,1 0.5 a 
ReafAxis 

(e) 	 For K 1/2 and the external reference signal, rk = cos(wkT) , determine 
the behaviour of the error, ek = rk - Yk as k becomes large for the three cases, 
wT 0, 'if/4, 'if. 
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e 
f3:..;Y(z) = l+dG(z)R(z) and since K = 1/2 is stabilising we have that Vk -+ 

IH(eF/)1 cos(wkT + LG(ej9 )), where H(z) = l+dG(z)' e wT = 0, 1r/4, 1r. 
Now 

(i) since G(ejO) = 00, H(e jO) 0, so ek -+ 0; 

(ii) G(ej1r ) 0, H(ej1r ) 1, so ek -+ (-1)\ 

(... ) G( .i1r/4) = =jcos(1r/4) - sin(1r/4) = -1 71 171' H( j1r/4) 1 
1ll e tan(rr/8) tan(1r/8) . . J, e ;:-0.C;-:14:-;;-6--='OC-;.8:-:::-54:-:-j ­

40j1.15e1. , so ek -+ 1.15cos(wkT + 1.40) 

(f) 	If the input to G (z) is Uk = (-1) k for k 2': 0, calculate the output and 
comment on its relation to the frequency response. 

In this case U(z) = Z~l so Y(z) and hence Yo 0 and Yk = 1 for k 2': 1. 
Hence the output due to the sinusoidal input is zero because G(ej1r ) = (I but 
the output does not tend to zero because the system is not stable due to the 
pole at z 1. 

Solution: 

(a) 	 A linear discrete-time system with input sequence {ud and output sequence 
{yd, has pulse response sequence {gk} and transfer function G(z). 

i. Show that if 
00 

(1) 
k=O 

then bounded inputs will produce bounded outputs. 

Standard bookwork. 

1 


ii. In the case G(z) = (z2 + 1) show that (1) does not hold and that there 

exists a bounded input that gives an unbounded output sequence. 

For G(z) = Z2~1) the pulse response will be go = 0, gl = 0, g2 1, g3 = 
0, g4 -1, g5 0, g6 1, .. '. Or from the databook with woT = 1r/2, 
r 1, a = 0, giving gk sin(1r(k - 1)/2), for k 2': 2. Clearly, although 
the gk remain bounded the ~ Igkl -+ 00. If the input sequence, Uk = gk 
then Y(z) = (z2!1)2 = z-2(1 + Z-2)-2 z-2(1 - 2z-2 + 3z-4 - 4z-6 + 
.. , (-l)k(k + l)z-2k + .... This clearly increases without bound as 

an unbounded output for a bounded input. 

XXX 2013 
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Engineering Tripos Part HA, Module 3F1, 

SIGNALS AND SYSTEMS 


SAMPLE SOLUTIONS TO EXAM MAY 2013 


1. Solution: A discrete-time system with input sequence {Uk} and output se 

{Yk}, has transfer function G(z) = (t + 1\ .
zz-l 

(a) Calculate the step response of this system, and check your ans er is consis­
tent with the initial value theorem and/or the final value t orem if either 

(b) 

one applies. 

U(z) = z/(z ­ 1) and 

(z + 1)
Y(z) = G(z)U(z) = (z 1)2 

and from the data book z-transform table w. 

{k ­ 1h;:::1 = (1~:21)2and hence Yo d Yk = 2k-1 for k 2 1. The final 
value theorem does not apply since th poles of (z - l)Y(z) include one at 
z = 1, but the initial value theorem oes apply and Yo = limz-+oo Y(z) = O. 

Write down a difference equatio with this transfer function and check the 
first three values of the step resfJOnse calculated above agree with the corre­
sponding solution of the dirnce equ(Ltion. 

Difference equation, / "" 
/ Yk+2 - Yk+lUk+l + Uk 

has transfer functio~ 6(z). With Yk = 0 for k < 0 and Uk = 1 for k 2 0 
successively solvin?t'h~s difference equation gives Yo = 0, Yl = 1 and Y2 = 

Yl + Ul + Uo = 3;ligreeing with the above. " 

(c) Show that / 
/ -J -je' 

tan(B/2) e . 

eiG/2+e-jG/2 2cos(O/2) h' h . d' t\ 1 . th It 
= eJ0-e jO/2 = 2jsin(e/2) W lC Imme Ia eY gives e resu . 

S etch the Nyquist diagram for G(z). This system is now, connected in a 
tandard unity gain negative feedback arrangement with a precompensator 

with a constant gain, K. Using the Nyquist stability criteriqn determine 
what values of K give closed-loop stability. \. 

\ 
\ 

\. 
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0) 'f"-x)</'e) =: £ [X(l'-) x{t--t'SY] 

~ y{(-) ~ x(r) *- ;,(i:-) (~) 
oO 

~ j h(f3) XCf--J3) Jf, 
-oD 

<', 'Xy (1:):; £ [ x(t-) y(t- +~)] 
~ £[ X(t) f:hliV x(f-+c-p) df3] 


,?oO ' 

= 100 'h(J3) E[X(f) X(f-+2--E5] drs 

~ f: h(p) ~xx(?:'-f) Jj3 

~ h{'C) k'xlt ) (~~) 
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:2 b. (ii) S.x(t-J) (4' M F~ ~ 
+ -VXx ('t;) , 

Sx y (0 ~ ~ Fcrv..rW ~ 
ot -t-xy(c) 

Oil) -r~ ~ F~~ 1 ~ 
~~~ b(I): 

~y(0 = H(e). ~x(lJ) 

.', fil0 = SXy(cv) ~ F.'T. f 1Xy {:)j 
Sxx(w) FT f 'xx{-C)] 

TA. ~' ~ H!wj ~ k ~ 

~ tk ~ t,: fJ& ~~ ~ 
~f~~&gp~~ 
~~~ (~~~ 
~ J ~~"1-~~- 4-~ 
~~ ) or- CA.. f~ .0t..L 9~- ~ 
.~~~f . -,) 
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(ttX]
3'l~ ~x{LA-);- E [ e j

_ 

~ J~j~ f>zex ) Jx 
-00 

tvf~ t£ ~~ 1 f/0 c:, 

jwrJt-
f{tJ); J= £/r) e­

-oCt 

f-f~ ~ :x f-r t-) '+- V- f- ~ iV)) 

~twa-~~ · . 
~cr- tk. ~~ fx(;j~:£ r;{-u) 
~ ~(,) .; I£, F~~ ~lfA-0 . 

[1) Y$-=)<, +-xz. 

..~cw- ~ PJ-t f{s:JJ :>cJ ~ f{~/x0' £(:><:,) 
N~ f{J Ix:,) == jt2- . fl~ -x,) 

~~~? 9 Y'vWi--'h:t/~-~( ~- Y- ~~~ 
p;41 <1' J I J_. 

f{j) --Jlf{j )-'L ,) fl (X /) 1 x I 
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'2>. (1.) s~ ck(u): f.o Sy{~) eJ':J Jj 
-00 

cL ;r;' 
~ 'i'y("-) = ~ .JA~ ejL!-.j ~ 

J;; ify = i "8 6'3) f/j) e CCj d::J 
\ 
, 

oJ- ~,4) " rpOe )(Lf (j) ed '-':j J 
J. tl'" ':ty ) -00 j j . y ..lJ 

j 

,n 
j 

! 0 ' 
(' e j '--.i = \,:::.~e « 
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3 (c2-~) 

Fu-r- ~ cJ.rw.e ~ ~ VI ==- J 

-f fy == .~ [ ~~t-V.ejLAtr/1 

:= 3 &~,/{~A). *6~tm·ej~~/z-
. <" 3{uk \ I'h.x' ,4- j~ 1t/2­

+ SLMe: Z:-/' ~ a£ . e· 

Ncrw- ~ ;t;?s~(~J) =0 ~ i!'iA-=o/ ~.~ 
~ ~~ a-t- Jx .~ !;;"J-; . 


CMJ. g~ L~) ~ I oJ:- ~ ~;".J-. 


, L r+: I = 0 -/- {t /. 4· I = .~ 
~' . d-NL :t:'~ 

;...::::0 

f-I~ t~ f;"'{- &"k ",,-<'wJUwl- (c-c- ~ ~trL) 
of fy{j) ~ ~ wP>4 t~ ~ *~y ~j I , 

,/ 

--rj(~ ~ ~ we ~ ~v/d Cl6 fib. ~ 
Y!£, {fJ" XL A­~ ~~ ~.~ . ~ er&~ ~ 2; e::J 

I/'V1'~l 06- ~ fjfS') 1-1 q.{z..} ~ Y-x,+xz 
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4, Lb)~-) 

Mtvl~ ..:.;J~ : ( ) (\ H( I ) V"'fFT T x.-t.) X't\ _, =- I-f x tV - Xl1. ~-{ 
.3' 

H{xJ:= - L~h ~2- ~i = -(~, 0-3 ~z03 -I- O'I'f~LO-0 
':= .Q _D ,52.\\ -+ 0·5;215';$ = t 5710 e;.&(~~ 

.J- z. tJ~ '1-)I-!l){n! Xn-f~1£> =- ~{2,-t ~z-r.. + '3 ~,,3 


-:::: 2. 0- 4-30'6 + D ,3'100 0= I· 2.5/ (, W/s~
3)! { I tJ~ 1-. ~ f}.-. ­
HLX .. rX"'-I C tV" - :<, '6 ~.J2 'i? 

. 

+ If 

r( 

J"- 'f 

.~ .2. ()-37<>O +- D,3113 =- I ·Ob 13 M-j ~~rre 

1-I{)(~/X,,-('-'0= H{>(,jx~-/~A) = (·2<;f{, P;;;)~ 

_' .. H ( XVI! X,,") ",2,D'3 , f· 2'5"1b + 0 . If. f. Ob f :5 

== .~ ( 0,3'755 + o· Lr- Q'f5 = /. I '75'~ .-iJj-)~ lj'M 
-= 
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4. 0) FOt-a.~ ~ 4~: 

ic:tt ~ ~ H(xn_~-t H{xn-l-)x,,_0 
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