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The task is to maximise the rate of heat transfer, which is proportional to the exposed area

D2 ' 2
T= Cl(TCHD -+ ’RTJ CZ[HD + %‘J

2
Thus Minimize f(D,H)= »C{HD + %—]
Substituting H = RD

. D?
Minimize f(D,R)= —C2[RD2 + —4—} - -CZDZ(R + ﬁ-) [10%]

The mass of the cylinder is proportional to its volume
nD?
M=p=——H= CD*H < M, 2.1
Substituting H=RD .. M=CD*RD=CyRD*< M_,,
Bounds 0< RS R
0<D<D_,, [10%)]
of

= -26,D(R+1]

2
R~ P

These show that f reduces (improves) for non-negative values of D and R. The
improvement in f will therefore be limited by the constraint on M, the upper bound on R or

the upper bound on D, or more than one of these. [15%)]
M, C
From equation (2.1) R= —-—@’;— = ——43
GD? D
Cy 1 c, D?
DY=-C,D =—C,)| =+ +—
f(D) 2 ( PE 4) 2[ D4
The upper bound on R implies a lower bound on D:
3 ¢,
< = D= =D .
D3 Rmax Rmax min
Dmm s D < Dmax

Obviously, for the constraint on M to be active, D,;, must be less than D i.e.

max
3 Cy

max

< Dy [20%]
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c, D?
Dy=-C)| —+—
f(D) 2[ ot }
A o G, D
dp p? 2
2
2

d°f -G, Cy N 1

dp* p* 2
A stationary point for f exists when

daf Cc, D 3
Z;;S:"Cz(—_p%+?]:0 = D’=2¢, = D=32G
At this value of D
2
Y o[26 )_se
ap? A2, 2) 27
2 2
For a minimum we want ﬁj—r =0 and f_f_ > 0. Here d—l— < 0, so no unconstrained
dD dn? dD?

minimum exists. [20%]
The values of the gradient of / found in (c¢) show that for a specified value of D or R itis

possible to reduce f by increasing the corresponding value of R or D. This means that the
minimum will occur at either the intersection of the bounds on M and D or the intersection
of the bounds on M and R. (If the constraint on M can be active.)

G
D3

max

In the first case, D = D, and R=

2 2| C
f==CD*(R+1)=-C;Dpyy [ 4 3+-};]

max
In the second case, R=R_,, = D=D_, =
Rinax

f=-CD?*(R+1] =—c2(RC4 jg(Rmax +4)
Tmnax

Which is the optimum will depend on which gives the lower (more negative) value of f,
which will depend on the specified values of D, Ry, and M, (which affects Cy).

3l C . . . . .
If Rm4 > D ax» i.€. the constraint on M cannot be active, then the optimum will be at
ax
. 2
D= Dygr R= R With f ==CyDpng’( Repax +1). [25%]
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Q3
(a) Minimise F (2, F W)= C/F + C[F In(x; )= In(x,) ~ W In(x,,)|

subject to h(x, FW)=1+W-F=0
(%, F W)= X+ x ,W— x,F=0

(b) The Lagrangian

Ux,,F.W)= CfF+CS[F ln(xf)—ln(xp)——-Wln(xw)]—%}ll(l—%W-F)+2,2(xp+wa— X, F)

For an optimum
ot  CW

ox,, X, X,

o
B_W = _Cs ln(xw) + .2,1 -+ ;szw =)
A= CyIn(x,) = Ayx,, = C; In(x,,)~ C; = C[In(x,,) ~ 1]

ar
-5;:: Cf +Csln(xf)—-3,1—2,2xf=0

C
Cr +C, In(x/) = C[In(x,,) - 1]»;3- X =0
w

G Xf
~C-S—+ In(x7)—In(x,,)+ 1—;:=0

X C x

S =1+ L+ ln[—f]

xW CS xw

The second-order conditions must also be checked.
¢ _cw
axw‘"" xw2
2
ot =—i+&2 =—3+—Ci=0
ox, oW  x, X, X,
9 g, P 9 I
ow?  gF* = OWOF  OFdx,
- -
CcCw
£ > 0 0
2 Xy
Hence Vet =

0 0 0
0 0 0

This is clearly positive definite for positive x,, and W . Therefore we have a minimum.

[10%]

[60%]



(d)

3M1 2013 Crib

< Xy
If —~ =1 we need to solve z=2+In(z) where z=—
C, X
This transcendental equation can be solved by an iterative scheme
Zpy =2+In(z,)

Using a first guess zy =2, this converges to

z=73.1462
X 0.00715
= =—-=0.00227
W T 31462
F=1+W
xpF=x,+x,W S x (W)= x, +x, W

W(xp—x,)=x,— xr

Xp— Xy 0.035-0.00715
xp—x, 0.00715-0.00227

W=

=5.707 kg
F=1+W=6707kg

The values of the Lagrange multipliers indicate the sensitivity of the value of the optimum to
relaxation of the constraints. In this case the constraint equations represent conservation laws
so they cannot easily be relaxed!

[20%]

[10%]
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la+b o - a - b =
= 2 z 3 ¢
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o2 F %
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