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Module 3C5 

DYNAMICS 

Answer not more than three questions. 


All questions carry the same number ofmarks. 
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A model crankshaft is represented by a uniform wire of mass 10m and length lOa 

as shown in Fig. 1. The x,y,z coordinates of each segment of wire with respect to the 
origin 0 are as follows: 

A B c D E J K L M N 
o o o o o o a a o o 
-3a -2a -2a -a -a a a 2a 2a 3ay 

o o a a o o o o o oz 

The centre of mass G of the model is at ~ (1,0,1) and the inertia matix 10 for the model 

in the reference frame Oxyz is 

rna2[89 : ;].10 =-3- ~9 
* 89 

(a) Find the missing entries of10 (i.e. those indicated *). [30%] 

(b) Show that one ofthe principal axes of inertia through 0 is (1,0,1). [20%] 

(c) Find the inertia matrix for the model at G in the reference frame Gxyz. [40%] 

(d) Find anyone of the principal moments of inertia at G. [10%] 

Y 

N~ 

Fig. 1 
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Cuspidal nutation of a gyroscopic pendulum is studied using a symmetrical rotor 
of mass m as shown in the side elevations in Fig. 2. The rotor has principal moments 
of intertia AAe about axes passing through the fixed pivot O. The distance from 0 to 
the centre of mass G of the rotor is a. The angle between OG and the horizontal is a 
and the rate of rotation of OG as viewed from above is ¢ as shown in Fig. 2(b). The 
rotor is spinning at a steady 'fast' rate (j). Initially the rotor is held with its axis 
horizontal (ie with a= 0 ) as shown in Fig. 2(a) and it is then released from rest. 
Cuspidal nutation then occurs during which motion the angle a remains small. After 
some time the oscillations die out and the rotor exhibits steady-state precession. 

(a) Sketch the variation of a with time 
(i) assuming no loss of mechanical energy; [15%] 
(ii) allowing for some energy loss due to friction. [15%] 

(b) Use conservation of moment of momentum about the vertical axis to show 
that A¢ ~ Cwa throughoutthe motion. [10%] 

(c) Show that a ~ m~a.: during steady-state precession. [20%]
C w 

(d) Use conservation of mechanical energy to estimate the maximum value of a 
reached during the cuspidal motion. [40% ] 

a 

G 
o g=.==::::::::1 S 

(a) 

Fig. 2 
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3 (a) A solid cylinder of mass m , diameter d , and length I is fIxed through its 
centre of mass G to a rigid shaft. The shaft makes angle ato the cylinder axis as shown 
in Fig. 3(a) and rotates with constant angular velocity n in bearings a distance L apart. 

(i) Show that two of the principal moments of inertia of the cylinder 
at G are equal to : (3d2 + 4l2). [10%] 

(ii) Find the magnitudes of the rotating bearing reaction forces. [30%] 
(iii) For what value of I are these bearing forces zero for any a? [10% ] 

.. .. 
(a) 	 (b) 

Fig. 3 

(b) The centre of gravity of a ship of mass M has a forward velocity u and a 
velocity to the left v defmed in a coordinate system that rotates with the ship as shown 
in Fig. 3(b). The ship has a yaw velocity (i.e. rotation rate about the vertical axis) of if/. 

(i) 	 If the total external forces acting on the ship in the forward and left 
directions are Fl and F2 respectively, show from fundamental 
principles that the equations of motion of the ship in the forward and 
left directions are 

M(u-vif/)=F; and M(v+uif/)=F2 	 [20%] 

(ii) Explain why these equations cannot be derived from Lagrange's 
equations by simply defining generalised coordinates ql and q2 with 
iII =u and iI2 = v. [10%] 

(iii) Using space-fixed Cartesian coordinates x and y proceed to derive 
the equations of motion by using Lagrange's equations. [20%] 
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A simplified model of a wind turbine blade is shown in Fig. 4. The blade model 
is composed of two massless rigid links AB and BC of lengths a and b, respectively and 
a lumped mass M is located at C. The blade moves in the vertical plane with two 
degrees of freedom () and f3 . The two pin joints at A and B have no rotational 
stiffness or damping. 

(a) By using Lagrange's equation, derive the equations of motion for large 
amplitude motion of the system. Include the effects of gravity and a shaft torque at A, 
but do not consider aerodynamic forces. [40% ] 

(b) The system is forced to rotate so that () varies at a constant rate, ie. iJ Q , 

where Q is a constant and Q2» g / a. Show that the natural frequency is given 

approximately by 

[20%] 

(c) In the absence of forcing the system hangs vertically with () = -7[ /2 and 
f3 = O. Derive the equations of motion for small amplitude vibrations around this point. 

Without further calculation, show from physical considerations that there is a mode 
with an infmite natural frequency, and write down the mode shape for this mode. [40%] 

C 

A 

Fig. 4 
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Part IIA Data sheet 

Module 3C5 Dynamics 

Module 3C6 Vibration 

DYNAMICS IN THREE DIMENSIONS 

Axes fixed in direction 

(a) Linear momentum for a general collection of particles mi: 

!!£ =F(e) 

where p = M vo, M is the total mass, Vo is the velocity of the centre of mass and F(e) the 
total external force applied to the system. 

(b) 	 Moment of momentum about a general point P 

Q(e) =(ro -rp) xp +h 0 


=hp+rpxp 
where Q<e) is the total moment of external forces about P. Here, hp and ho are the 
moments of momentum about P and G respectively. so that for example 

hp = ~(1"j -rp)xmiri 

= ho + (ro - rp) x p 

where the summation is over all the mass particles making up the system. 


(c) 	 For a rigid body rotating with angular velocity (J} about a fixed point P at the origin of 

coordinates 


hp = f r x ((J} x r )dm= I (J} 

where the integral is taken over the volume of the body, and where 

A -F -E 1 	 [ COx ]1= -F B -D • (J} = my ,
[	 r= [~l ' -E -D C 	 Ok 

and A = f (y2 + z2)dm B =fez2 + x2)dm c = f(x2 + yz,)dm 

D= fyzdm E=fzxdm 	 F= fxydm 
where all integrals are taken over the volume of the body. 

Axes rotating with angular velocity 0 

Time derivatives of vectors must be replaced by the "rotating frame" form, so that for 
example 

p +Oxp=F(e) 
where the time derivative is evaluated in the moving reference frame. 

When the rate of change of the position vector r is needed, as in l(b) above, it is usually 
easiest to calculate velocity components directly in the required directions of the axes. 
Application of the general formula needs an extra term unless the origin of the frame is 
fixed. 
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Euler's dynamic equations (governing the angular motion of a rigid body) 

(a) 	 Body-fixed reference frame: 


AWl (8-C) w], aJ3 = QI 

B W2-(C-A) aJ3 WI = Q2 

C W3 - (A - B) WI W], = Q3 


where A, Band C are the principal moments of inertia about P which is either at a fixed 
point or at the centre of mass. The angular velocity of the body is Q) =[COl, CO2, ID.3] and 
the moment about P of external forces is Q=[Ql, Q2. Q3] using axes aligned with the 
principal axes of inertia of the body at P. 

(b) Non-body-fixed reference frame for axisymmetric bodies (the "Gyroscope equations"): 

A .Q 1 (A DJ - C WJ) ~ = Ql 

A.Q2 + (A DJ - C aJ3).f.h = Q2 


C W3 = Q3 

where A, A and C are the principal moments of inertia about P which is either at a fixed 
point or at the centre of mass. The angular velocity of the body is Q) = [lOt. W]" WJ] and 

the moment about P of external forces is Q=[Ql, Q2, Q3] using axes such that COJ 
and Q3 are aligned with the symmetry axis of the body. The reference frame (not fixed 

in the body) rotates with angular velocity g =[D:t. ~,DJ] with Ql=Wl and &h=w]'. 

Lagrange's equations 

For a holonomic system with generalised coordinates qi 

d [aT] aT av 
dt 8qi - 8qi 	+ iJqi = Qi 

where T is the total kinetic energy, V is the total potential energy. and Qi are the non­
conservative generalised forces. 
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VIBRATION MODES AND RESPONSE 


Discrete systems 	 Continuous systems 

1. The forced vibration of an N-degree-of­
freedom system with mass matrix M and 
stiffness matrix K (both symmetric and 
positive definite) is 

M2.+K-g-f 

where Xis the vector of generalised 
displacements andjis the vector of 
generalised forces. 

2. Kinetic energy 

1 'tM'T ... -y Y
2- ­

Potential energy 

1 tV--yKy
2- ­

3. The natural frequencies (On and 
corresponding mode shape vectors !&(n) 

satisfy 

4. Orthogonality and normalisation 

fiUlMu.(k) _ {OI', 	 j ~ k 
j-k 

S. General response 

The general response of the system can be 
written as a sum of modal responses 

N 

x.(t) = Lqj(t) Jij) ... Uq(t) 
j-I 

where U is a matrix whose N columns ace 
the normalised eigenvectors !&U) and qj can 
be thought of as the "quantity" of the jth 
mode. 

The forced vibration of a continuous system 
is determined by solving a partial differential 
equation: see p. 6 for examples. 

T- 2If'2
U dm 

where the integral is with respect to mass 
(similar to moments and products of inertia). 

See p. 4 for examples. 

The natural frequencies (On and mode 
shapes Un (x) are found by solving the 
appropriate differential equation (see p. 4) 
and boundary conditions, assuming 
harmonic time dependence. 

The general response of the system can be 
written as a sum of modal responses 

w(x,t) - Lqj(t) Uj(x) 
j 

where w(x,t) is the displacement and qj can 
be thought of as the "quantity" of the jth 
mode. 
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6. Modal coordinates (l satisfy 

q+ [diag(roJ)] 'J.'" ~ 
where ~ "" Uq and the modal force vector 

~ ... ut f . 
7. Frequency response function 

For input generalised force Ij at frequency 

ro and measured generalised displacement 
Yk the transfer function is 

N (n) (n) 

H(j,k,ro) = Yk = ): uj 2 uk 2 


Ij n-l ron - CO 


(with no damping), or 

N (n) (n)

H( . k ) Y k ~ u j uk


J, ,ro = .. LJ 2. 2
Ij a-I ron + 21roron{;a - ro 

(with small damping) where the damping 
factor {;n is as in the Mechanics Data Book 
for one-degree-of-freedom systems. 

8. Pattern of antiresonances 

For a system with well-separated resonances 
(low modal overlap), if the factor u}")u,}n) 
has the same sign for two adjacent 
resonances then the transfer function will 
have an antiresonance between the two 
peaks. If it has opposite sign, there will be 
no antiresonance. 

9. Impulse response 

For a unit impulsive generalised force 
Ij ... c:5(t) the measured response Yk is given 
by 

N U .<n)u (n) 
g(j,k,t)==Yk(t)=-): I k sinront 


,,-I OJn 


for t Cil:: 0 (with no damping), or 

N u ,(n)u (n) 
g(j,k,t) .. ~ J k sinro t e-wnf;nt

LJ ro n 
n-l n 

for t Cil:: 0 (with small damping). 

Each modal amplitude qj(t) satisfies 

.. 2 Q
qj + ro] qj - j 

where Qj ... f f(x,t) Uj(x) dm and f(x,t) is 

the external applied force distribution. 

For force F at frequency co applied at point 
x, and displacement w measured at point Y, 
the transfer function is 

w ~ un(x) un(Y)
H(x,y,ro) --- LJ 2 2
Fro-OJn n 

(with no damping), or 

H(x,y,ro) =- ~-): 2 Un(~) Un(y) 
F n OJn + 21 (J)(J)n{;a - (Q 

(with small damping) where the damping 
factor {;" is as in the Mechanics Data Book 
for one-degree-of -freedom systems. 

For a system with low modal overlap, if the 
factor un(x) un(Y) has the same sign for two 
adjacent resonances then the transfer 
function will have an anti resonance between 
the two peaks. If it has opposite sign, there 
will be no antiresonance. 

For a unit impulse applied at t =0 at point x, 
the response at point y is 

~ un(x) Un(Y) . 
g( x,y,t) .. LJ smOJnt 

n OJn 

for t Cil:: 0 (with no damping), or 

g(x,y,t) .. ): un(x) Un(Y) sin ront e-wnf;nt 

n ron 

for t 2: 0 (with small damping). 
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10. Step response 

For a unit step generalised force For a unit step force applied at t:: 0 at point 
o t < 0 x, the response at point y is


Ij - the measured response Yk is
{
1 t~O h(x.y,t)_~Un(X)~n(Y)[l-COscont] 


given by n con 


N u .(n)u (n) for t ~ 0 (with no damping), or 
h(j,k,t) = Yk(t) - ~ J 2k [1- coscont] 

n-l con h(t) .. ~ un (x) ~n(Y) [1- coscont e-Wn{;nt] 
for t ~ 0 (with no damping), or n con 

N u .{n)u (n) [ ] for t ~ 0 (with small damping). 
h(j,k,t) .. }:_l__/ __ 1 COS con t e-wn{;lI t 

1'1-1 COn 

for t ~ 0 (with small damping). 

Rayleigh's principle for small vibrations 

V tK 
The "Rayleigh quotient" for a discrete system is T- ... l.t l. where Y is the vector of 

l. Ml ­
generalised coordinates, M is the mass matrix and K is the stiffness matrix. The equivalent 
quantity for a continuous system is defined using the energy expressions on p. 6. 

If this quantity is evaluated with any vector l., the result will be 

(1) 2: the smallest squared frequency; 

(2) s the largest squared frequency; 

(3) a good approximation tocoE if l is an approximation to !!:.{k}. 

(Formally, ~ is stationary near each mode.) 
T 
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GOVERNING EQUATIONS FOR CONTINUOUS SYSTEMS 


Transverse vibration of a stretched string 


Tension P, mass per unit length m, transverse displacement w(x,t) , applied lateral force 

j(x,f) per unit length. 


Equation of motion Potential energy Kinetic energy 


a~ a2w ,rr aw)2 1 (aw)2
1 
m 71: - P--:-'r = f(x,t) V= 2PJ~a; dx T "" 2mf --at dxat ax 

Torsional vibration of a circular shaft 

Shear modulus G, density p, external radius a, internal radius b if shaft is hollow, angular 

displacement lJ(x,t) , applied torque f(x,t) per unit length. 


4 4
Polar moment of area is J = (Jr I 2~a - b ). 

Equation of motion Potential energy Kinetic energy 

a2e a2 e V = !:.GJ rr ae)2 dx 
T -~pJf( ~~rdxpJ --:::T - GJ7'1: -= f(x,t)

at ax 2 J~ ax 

Axial vibration of a rod or column 

Young's modulus E, density p, cross-sectional area A, axial displacement w(x,t) , applied 

axial force f(x,t) per unit length. 


Equation of motion Potential energy Kinetic energy 

a2 w a2w 1 (aw) 2pA --:T - EA -:z - f(x,t) V = ~ EAf(~rdx T = 2PAf --at dxat ax 

Bending vibration of an Euler beam 

Young's modulus E, density p, cross-sectional area A, second moment of area of cross­
section I, transverse displacement w(x,t) ,applied transverse force f(x,f) per unit length. 

Equation of motion Potential energy Kinetic energy 

a2w a4w 1 (aw) 2pA --::::-r + EI--::-4 ... f( x ,f) V- ~Elf( ~:2r <Ix T = 2pAf --at dxat ax 

Note that values of I can be found in the Mechanics Data Book. 
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