ENGINEERING TRIPOS PART IIB

Wednesday 4** May 2005  2.30 to 4.00

Module 4A10
FLOW INSTABILITY

Answer not more than three questions.
All questions carry the same number of marks.

The approximate percentage of marks allocated to each part of a question
is indicated in the right margin.

Attachments: 4410 Data sheet (2 pages)
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1 In deep glacial lochs, it is possible for fresh water to be moving out to sea while the
tide simultaneously draws seawater inland. This leads to the situation shown in figure 1.

U b

fresh water —————»p

Figure 1
The velocity potentials of the flows are:

¢1($,Z,t) = Ulw+fl(z)e(at+ikz)
$o(x,2,t) = Uz + fo(2)elot+ik=)

where f1(z) = Aje % + Bye*, fao(z) = Ase™** + B,e** and U, is negative. The interface
is given by the line 7 = 1oel****%*2), The kinematic boundary conditions at the interface are:
0¢p O on Op2  On
— e —— U —_— — e — —_—
5z ot oz and 5z o T
(@)  Assume that the layers of fresh water and seawater are very thick so that f;(c0) — 0

and f5(—00) — 0. For small perturbations of the mean flow, show that these two boundary
conditions require that:
Al _ (S + kU, 1)

B2 - (S + lkUg)

(b) By equating the pressures at the interface, find the dynamic boundary condition. This
is another expression for A, /B,, which must also be satisfied at the interface.
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(c)  You may assume without proof that combining these boundary conditions produces
the following expression for s/k:

s _ __z-plUl + paUs n p1p2(Uy — Us)? B g(p2 — ;1)

k p1+ p2 (p1 + p2)? k(p2 + p1)

Find an expression for the unstable wavenumbers, k, in terms of g, p1, p2 and (U; — Us).
Comment on this result. [10%]

(d) Inreality, the shear layer between the fresh water and the seawater will have a finite
thickness. This will stabilise short wavelength perturbations. Consider the loch shown
in figure 2. The seawater speeds up as it passes over the lip where the loch meets the
sea. Further out to sea there is an oil platform whose buoyancy tanks rest at the interface
between the fresh water and the seawater. Describe what will happen to the oil platform
when the flow is unstable at the lip but stable at the oil platform. Justify your answer using
the expression for s/k given above. [20%]

——» fresh water J\ J]L
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<+——— sea water

Figure 2
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2 A rotating fluid with uniform density has azimuthal velocity profile v(r) and no axial
motion.

(@) Consider a ring of fluid at radius r; and a ring of fluid at radius r,. Both rings have
mass m. What is the angular momentum and kinetic energy of each ring?

(b)  The two rings swap places, conserving their individual angular momenta. What is
the final kinetic energy?

(¢) The circulation I" is equal to the product 27rrv. Show that this flow will be stable
when I'? > I'Z:

The same fluid is now given axial velocity profile u(r) in addition to the original azimuthal
velocity profile v(r). As before, consider rings of fluid at radius r; and r, each of mass
om.

(d) What is the kinetic energy of each ring?

() The two rings swap places, conserving their individual angular momenta. In swap-
ping places, they exchange some axial momentum and end up with identical axial veloci-
ties. Deduce a criterion for the stability of this flow in terms of (I'Z — I'?) and (uz — u,).
Is the axial velocity difference stabilising or destabilising?

(f) Instabilities and turbulence must be avoided in blood vessels because they provoke
clotting. The Reynolds number in main arteries is around 2000, which is near to the point of
turbulent transition. A company manufactures plastic tubing which is used in arterial grafts.
Can you suggest a way to design the tube such that it delays the transition to turbulence
within the graft?
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3 A tube contains fluid moving at constant velocity U. It has infinite extent in the
z-direction and is constrained to move in the y-direction only. The equation of motion of
the tube, ignoring gravity, is:

'Y o’y o’y %Y

—_— AU? - T)— A — + 2pAU =

EI(,W1 + (pA + pAU” - T) 522 + (pA+m) o T2 AU 5o

where Y is the deflection of the centreline in the y-direction, F1 is the flexural rigidity, T’
is the tension in the pipe, p is the internal gauge pressure, p is the fluid density, m is the
mass per unit length and A is the cross-sectional area.

0

(a) What is the term proportional to U? called? How does it arise and what effect does
it have on sinuous oscillations of the pipe?

(b) What is the term proportional to U called? How does it arise and what effect does it
have on sinuous oscillations of the pipe?

L

Figure 3

An experiment is performed on a flexible tube, as shown in figure 3. Both ends of the tube
can pivot freely. The end at z = 0 is constrained to have zero z- and y-displacement. The
end at z = L is constrained to have zero y-displacement but can move without friction in
the z-direction. A flow passes through the pipe at velocity U. Assume that both gravity
and friction within the pipe can be neglected.

(c) To afirst approximation, the term proportional to U in the above equation of motion
can be neglected. By considering disturbances of the form Y = Yje® sin kz, develop an
expression for the flow velocity at which the pipe will buckle.

(d) A nozzle is put onto the end of the pipe, halving the flow area. What is the flow
velocity at which the pipe will buckle?

(TURN OVER
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4 A boat is moored by its front, facing into a steady wind, as shown in figure 4. Its
centre of mass is behind its aerodynamic centre and it is free to move from side to side and
to rotate. The water is still.

e

Figure 4

(a) Describe the motion of the boat when the wind changes direction slightly. No calcu-
lations are required. [20%)]

erodynamic centre

Centre of mass

Figure 5: Boat viewed from above

The mooring rope can be modelled as a spring, as shown in figure 5. Ignoring motion of
the boat in the wind’s direction and ignoring damping terms, the equations of motion of the
boat are given by:

mij + Sz0 + ky = F,
I0+ S, =Fp

where m is the mass of the boat and [ is the boat’s moment of inertia about the point where
it is attached to the rope.
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The force and moment due to the wind can be approximated by:

F, = —q0
Fy, = —qc,0
where ¢ is positive and is given by:
q=5pU% —
2 oa |,

(b)  Assuming solutions of the form y = Yye® and 6 = 6ye®, the equations of motion
can then be expressed in the matrix form shown below. Find M.

Yo\ _
M () o

(c) A trivial solution is (Y, 8) = (0, 0). Non-trivial solutions must satisfy an equation
of the form:
C’()S4 + 0282 + C4 =0

Evaluate expressions for Cy, C; and Cy.

(d The mass distribution along the length of the boat is such that I = 952/8m. What
are the signs (positive or negative) of Cy, C; and C4? Hence deduce the condition on Cy,
C> and Cy4 which leads to instability.

(e) Calculate an expression for the critical velocity at which instability starts. Comment
on the effect of the relative positions of the centre of mass and the aerodynamic centre.

(f) Inamore detailed analysis of this instability, what other factors should be taken into
account?

END OF PAPER
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