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(2)

(b)

(i) Show how the expression ge(bX¢) can be written in subscript notation.

The line of action of the force F=(3,2,4) N 1is located by the vector
rj=(2,1,3) m from the point A. Find the magnitude of the moment of the
force about A in the direction of a; =(1,4,6).

(i) If the vector v; is related to the skew-symmetric tensor w; by the
relation

Vi = ekji ul]
then express u; in terms of v;.

(i) In uniaxial tension, the plastic Poisson’s ratio u for an initially isotropic

material is defined by

where &, is the fotal strain produced by uniaxial tension o, and €y, &
are transverse strains. By assuming that the material is plastically
incompressible, derive a formula for u in terms of the secant modulus
Ee(0,), the Young’s modulus E and the elastic Poisson’s ratio v of the

material.

(i) Using the result in (i) show that for multi-axial stress states, the total strain

in J, deformation theory can be written as

1
gi=———|(1+p)o; —popd; | i,j=12,3
ij Esec(ge)[( 1) ij —HOkk U:I J

where now u depends on the von Mises effective stress o, just as it

depended on &, in the uniaxial test.
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2 (a) A long torsion member is made in the form of a hollow box section with the
cross-section illustrated in Fig. 1(a). The wall thickness ¢ is uniform. The upper surface
is of width 4a and the lower 3a and the height of the box section is a+/3/2. Find an
expression for the torsional stiffness of the member in terms of dimensions ¢ and ¢ and
the shear modulus of the material.

The section is stiffened by adding two internal webs each of length a, as shown in
Fig. 1(b). They are of the same material and also of thickness ¢. By what factor is the
torsional stiffness thereby increased?

Fig. 1

(b) Show that a lower bound on the fully plastic torque 7p of any polygonal
shaft may be calculated using the simple relation

2
Tp 2 —?;A()Rk R

where Ag is the cross-sectional area of the shaft, k is the yield stress in shear of the
material and R 1is the radius of the largest inscribed circle that can be drawn within the

cross-section of the shaft.
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3 A metal-matrix composite component is manufactured by compacting metal particles
around long, circular ceramic fibres of radius a. At a given instant, the body contains a
small volume fraction f, of fibres, and the uniaxial yield strength of the surrounding metal
matrix is ci,n. In comparison with the metal matrix which yields according to the von

Mises criterion, the ceramic fibres can be assumed to be rigid.

(a) When the composite is subjected to a pure hydrostatic state of stress X, the radial

velocity u* within a representative unit cell of the composite, say of radius &, may be
given by
u*= Ar+ B/r

where A and B are suitably chosen constants and r is the radial distance from the

centre of the cell.

(i) Confirm that b=a/,[f, . [10%)]
(ii) Derive an upper bound, in terms of 0'§n and f,, on the limit stress Zlng

required to plastically deform the composite. [50%]
(iii) Comment of the values of Z% when fy, —>0 and fy—>1. [20%]

2
Note that _[r l+a4/r4dr = %Iseczecscédﬁ when tan€=r2/a2

(b) For an assumed velocity field within the representative unit cell of the composite with the
form
u¥*=(Cr+D/r)sin20 and v*=(Cr+ D/r)cos26

in which C and D are suitably chosen constants, u * is the radial velocity, v* is the
tangential velocity and 6 is the angle that a radial line makes with the reference direction,

show that the radial component of the compatible strain rate field is
& =C(1+a%/7?)sin26 .

Obtain the corresponding expressions for 82 and }'/:9 . [20%]
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SUBSCRIPT NOTATION

Repeated suffix implies summation

a=me +aye) +azes

a;e;
aeb a;b; = aibj5ij
c=axb ¢; = e;xajby
d=ax(bxc) di = —ejpeiabycg = ajbre; — aibicy

Kronecker delta d;; 6;=1for i=j and ;=0 for i#j

€ijk ejjr =1 when indices cyclic; = ~1 when indices anticyclic
and = 0 when any indices repeat

e—0 identity €ijkeitm =0 j15km -0 jm5kl

tracea tra = a; = ap +ay +a33

do;;  doy; 005 ; doq;
g _ 1]+ 2]+ 3j

Oiji
d; o dnp o
gradg =V¢ 99 o,
o
divV Vi
curlV =V xV eijka,j
Rotation of Orthogonal Axes
If 01'2"3" isrelated to 0123 by rotation matrix a;
vector v; becomes Vg = QgiVi

’ —_—
tensor oy; becomes Cuf = G0
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Evaluation of principal stresses

devi . _ 1 )
eviatoric stress s;; = 0; — 50' kkOij
0'3—110'2+120—I3=0 IIZO'ii::trO'

1
12 = _(Giio-ji —Gijo-ij)

2
L= 1
3= g(eijkepqrcipo_ jqo'kr)
3 ’ 2 r _ , 1 1
s - Ils +I’2S— 13 =0 Ii =8 = trs ; 12 = ESUSU ; Ié = Esijsjkski
equilibrium 0y tbj =0
small strains :
_ 1o o) 1

gij —-5 —87]-[-&: =—2—(ui,j+uj,i)

compatibility eij,kl + ekl,ij - elj,ki — Ski’ljepikeqjlsij’kl =0
ivalent t ¢ 0
cequivalentto e,:.;.e ;1E;; Z= €, €, —— =
q pik€qjl€ij kl = €pik€qjl EEY
Linear elasticity 0ii = Ciji€x
Hooke’s law Eel] = (1 + V)Gij — VGkk6ij
Lamé’s equations 0 = A€y + 2 1E;;

Elastic torsion of prismatic bars

Warping function ¥(x;,x, )satisfies V¥ = ¥, =0

If Prandtl stress function @(x;,x, ) satisfies V¢ = ¢;i = —2Gor where a is the

twist per unit length then
% o9
031 = ¢ = , O3p=—¢;=——= and T =2[[, §(x,x, Jdx;dx,
oy oy
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Equivalence of elastic constants

E 14 G=u A
E v - - E vE
2(1+v) 1+v)1-2v)
E G - E-2G -~ (2G-E)G
’ 2G E-3G
E A - E-A+R E-31+R _
4), 4
v, G 2G(1+v) - - 2Gv
1-2v
v, A AQ+Vv)(1L-2v) - A(1=2v) -
% 2v
G A GBA+2G6) 1 _
A+G 2(A+G)

R=+E®+2EL+922

JAW
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Answers
1
1 (a) \/_3 Nm  u; Zekﬂ Vi

1 E
b) p=———=(1-2v
(b) p=> 2E( )

2 (a) 4.08a%; 5.5%
L
tan (6, /2
3 Im fl {,/Ha‘/fv —V2+1 [a“(z/g))]} where tanf, =1/ f,
_ T

é9=—C(1—a2/r2)sin20 5 Vrg =2Ccos20
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