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Q B a. The means are zero for both densities because z f(z) is an odd function. The variance
H, is 1 because we identify the density as being that of a normal random variable
mean zero and variance one. Under Hp, the variance is
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b. Likelihood ratio:
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Decision regions:
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Taking logarithm of both sides,

z? > In(y/7n), choose Hy
-7t Vale| { < In(\/mn), choose Hy

Since z2 = |z|?, we have

2 _ > 0, choose Hy
off ~ 2vEle] + 2ln(vn) { 20 Gooee fo

The left hand side is a quadratic polynomial in |z|, so we can solve for |z] using the
quadratic formula. If the discriminant of the LHS is negative, the LHS is always positive
and therefore we always choose Hp. In other words, if

(2v2)? - 4(2)(In(v/n)) <0 = 1 <In(v7n) <= > ﬁ

we always choose Hj.
If0<n< 7";, the discriminant is positive. Solving for |z|,

2| = V2 £ V24/1 - In(v/7n)

Two cases arise depending on whether 1 — In(y/7n) is greater or lesser than 1.
If
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then the decision regions become

HO P I Hl l Ho — — T
—-v2 - /2 - 2In(v/7n) V2 +4/2 - 2In(v/mn)

If
£

1
0 - T —_—
<1 m(\/—n)<14=rﬁ<n<ﬁ,

the decision regions are
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where a = V2 and b = /2 — 2In(\/7n). So the critical values at which the nature of
the decision regions changes are 71 = 1/\/7 and n = e/ /7.




‘C? Suppose that we want to decide whether or not a coin is fair by tossing it eight times
and observing the number of heads showing up. Assume that we have to decide in favor

of one of the following two hypotheses:
Hy: Fair coin, P(head) = pp =1
H,: Unfair coin, P(head) = p; =04
a. Derive the MAP devision rule assuming P(Ho) = 1.

b. Calculate the average probability of error.

Solution: .
The observed random variable Y is the number of "heads” showing up by tossing the
coin eight times.

o Pdf of Y under both hypothesis:
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n) pa(l=po)®™ with py=0.5
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" Hy: P[Y=n|H) = (
Hy: P[Y =n|H] = (

) pr(1-p)*™" with p; =04

e Likelihood ratio:
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o MAP decision rule:

P[H,

=7

Evaluation of the threshold 4:

e Probability of incorrect decision P,:
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P, = P[D = Hy|Hy|- P|Ho| + P|D = Hy|Hy] - P[H,]
= 05-{P[D = Hy|Hy| + P|D = Ho|H,]}

PID = H,|Hy)
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0.3633
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P[D = Ho|Hy] = P[Y > 3.6|Hj]
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0.4059
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P, =~ 0.5-(0.3633 + 0.4059)
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