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| (a) If a; =epbjc, and b; =eg;hy; show that

a; = gkCihi — hgcyg;
and write this expression in its corresponding vector formulation.
(b) For an elastic-perfectly plastic solid satisfying Drucker’s postulates:

(i) define the limit stress state;

(i) show that d'l-j =0 at the limit stress state.

2 A material has a uniaxial stress-strain curve described by the relation o = Ag"
where A and » are material constants. It can be assumed that the material does not

deform elastically, is incompressible and yields according to the von Mises criterion.
(a) Show that plastic deformation of the material follows the relation

P
85 = Efislj
20,

where s;  is the deviatoric stress tensor.  Quantities el = (27 3)85 85 and
o, =,/(3/ 2)s,-js,-j are respectively the effective plastic strain and the effective stress.

(b) A thin-walled cylinder with closed ends is constructed of this material. The
cylinder has initial radius ry and wall thickness 1, and is subject to an internal pressure

p. Show that the radial strain &, of the cylinder is related to &7 by the relation

__ V3,
8,,——786

(© Show that the wall thickness of the cylinder changes with loading according

to the relation

t=t, exp{—?ef]

(d For A=800MPa, n=025 ry=200mm and z3=4mm find the

decrease in wall thickness when the internal pressure p is equal to 10 MPa.
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3 A circular disc of linear elastic material with radius @ and height % is compressed
between two flat, parallel platens. The surfaces are such that there is no slip between the

platens and the disc as it deforms.

(a) If the deformation field within the disc can be assumed to be axisymmetric

and of the form

3Bk 32 273
u, —h—z(h—z)rz and uZ:—Bk(—h——h—2 - Bz
inwhich B and k are arbitrary constants, derive expressions for the strain field, i.e. for
the quantities €,.,&y, €;,andy,,. If B>0 what can you deduce from the dilation

e, defined as ¢;, about the numerical value of the Poisson’s ratio v ?

(b) When the thickness of the disc has fallen from 4 to /A—& what is the
relation between 6, h, B and k ? Atthis instant the axial load applied to the disc is of
magnitude P. Explain why the work done V in compressing the disc is of magnitude
P6/2. If the effective modulus of the material of the disc, defined as
axial stress + axial strain, is E, then find an expression for V  in terms of
E., a, 6 and h.

(254

©) The local strain energy density at any point in the material can be written as
1
E[Aez + 2u(sr2 + 892 + 812) + uyrzz}

where A and p are the Lamé elastic constants. By a suitable scheme this can be

integrated over the volume of the block to give a second estimate of V , specifically

and Z=—+(alh)
10 8

+1
V= 2,u7m2hB2 [i——— +Zk* + k] where g =
2 1-2v

The two expressions for V' can be equated to provide an estimate for the ratio E,/E in
terms of the variable k. If & ischosen to minimise the ratio E,/E will this provide an

upper or a lower bound on E,?

(d) The resulting expression E, /E for relatively thin discs can be written as

Ea 1 | 2%
2Z+q

E 1+v

When v-—0.5 sothat g>Z find an approximate relation between E,/E and the

aspectratio a/h.
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Module 4C9 Data Sheet

SUBSCRIPT NOTATION

Repeated suffix implies summation

a=aq e +arer + ae3
aeb
c=axb
d=ax(bxg)
Kronecker delta 617

€ijk

e—0 identity

tracea

Yy

doy Jdoy; doy;  Jos;
+
9xi 3)(1 (?x2 3)63

gradg =V¢

divV

curlV =V xV

Rotation of Orthogonal Axes

If 01'273" is related to 0123 by rotation matrix a;;

vector v; becomes

tensor oOy; becomes

a;é;
a[-b,- = a,bj5lj

¢ = e,-jkajbk

dy = —ejjpeysajbycs = ajbe ;- aibicy

51]::1 for [:J and 51:]'—"'—0 forl¢]

and = 0 when any indices repeat
€ijk€itm = 0 j10km — O jmOs
tra=a; =ap+ ayy +azs

Oiji

4 s . .
Vo = i Vi

’ —
Oop = AidpiCij

ejjr =1 when indices cyclic; = —1 when indices anticyclic
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Evaluation of principal stresses

deviatoric stress 8 =0,

0 —1,6°+1,6~13=0

s3—Ifs2 +I5s-15 =0

equilibrium

small strains

compatibility

Linear elasticity
Hooke’s law

Lamé’s equations

Elastic torsion of prismatic_bars

l:j_3

1
"'O'kk5ij

Il =0;=uc

12 = %(Giicjj - o-ljo-lj)

1l
I3 = g(eﬁkepqr‘aipchgkl')

, 1 1
[[=s;=1trs; I =255 I3 = 35S jkSki

Eij ki t €l ij — Elj fi — Eki Jj€ pik€ gjiEij pt =0

equivalentto e pik€qjl€ij ki = €pikCqjl

Oy = Ciji€rl

Eey =(1+V)oy; —voud;

0j; = A’gkk6ij +2,Ll8,~j

Warping function ¥(x;,x, ) satisfies V3 = V=0

—
8xk8xl

0

If Prandt] stress function ¢(x1,x7_) satisfies V2¢ =¢; =—-2Ga where « isthe

twist per unit length then

Y
031 =0 = ——8x2 , O3 =

7]
~¢, = *% and T =2[[, ¢(x;,x, Jdx;dxy
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Equivalence of elastic constants

E 12 G= A
Ev ) - E _vE
20+v) A+v)(1-2v)
EG - E-2G - 2G -EYG
2G E-3G
E 2 - E-A+R E-3A+R -
47 4
v, G 2G(1+v) - - 2Gv
1-2v
v, A Ad+wv)A-2v) - A(l-2v) -
v 2v
G, A GBA+20) | A -
A+G 2(A+G)

R=vE* +2EA+942

JAW
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