ENGINEERING TRIPOS PARTIIB

Monday 30 April 2007 9 to 10.30

Module 4F7
DIGITAL FILTERS AND SPECTRUM ESTIMATION

Answer not more than three questions.
All questions carry the same number of marks.

The approximate number of marks allocated to each part of a question is indicated
in the right margin.

There are no attachments.

STATIONERY REQUIREMENTS SPECIAL REQUIREMENTS
Single-sided script paper Engineering Data Book
CUED approved calculator allowed
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1 Consider the real-valued signal
u(n) = Bu(n—1)+w(n),

where w(n) is an i.i.d. (independent and identically distributed) sequence with zero mean
and variance equal to one. The aim is to learn the unknown value .

(a) Describe, without mathematical detail, the principal methods for adaptive
filtering. Compare and contrast their performance and computational load.

(b)  Assume the signal u(n) is stationary and derive E{u(n)?}.

(c) Describe how you would use the least mean-squares (LMS) algorithm to learn
B. What is the minimum mean-squared error (MSE) at the optimal solution?

(d) Describe how you would use the recursive least squares (RLS) algorithm
to solve the same problem and show that the RLS algorithm converges to the optimal
solution when its parameter A = 1.
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3

2 The inverse of a symmetric positive definite matrix R can be expressed as

R1=p ) (1—uR)
k=0

where u is a small positive constant and I is the identity matrix.

(a) Using the decomposition R = QTAQ where QTQ=QQT =1 and A is
diagonal, find the range of values for p for which the sum exists.

(b) Write down the cost function J(h) for the Wiener filtering problem and derive
the Steepest Descent method for its solution, where h(n) is the solution obtained at step
n.

(¢)  The global solution to a Wiener filtering problem is given by hept = R~ p.
Show that the identity h(n) = uzz;é (I— uR)¥p is equivalent to the Steepest Descent
recursion.

1.1 0.5

0.5 1.1
approximate sketch of the evolution h(n) of the Steepest Descent recursion on the same

contour plot when (i) g = 0.01 and (ii) 4 = 4.

(d) Sketch the contour diagram of J(h) when R =

]. Make an
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3 (a) Show that the variance of the periodogram estimate is approximately
proportional to the square of the power spectrum for a Gaussian random process, i.e.
show that

var(Sx (/1)) = (Sx (e/*7))?

where Sy (¢/9T) is the periodogram estimate and Sy (¢/®T) is the true power spectrum.
(b) In a spectrum analyser unit, power spectrum estimates are updated
sequentially frame by frame through a long sequence of data, as follows:

f’)((l)(eij) :g}((l)(eij)

aﬁ)((n_l)(eij)+ (1- o¢)§§(n)(eij), n=2,3,.., where 0 < a < 1

where 13)((”) (ej “’T) is the power spectrum estimtate obtained at frame » in the data and
SA'gfn ) (e79T) is the periodogram of frame n. The nth frame of data is defined as the set of
data points [x(ﬂ_l) N>+ XuN—1] where N (the framelength) is the number of data points
for the periodogram.

If the periodograms obtained for different frames can be considered statistically
independent of one another, show that in the steady state (i.e. as n becomes large) the
variance of the estimate 13)((”) (70T i

(1-«

T oS (@)

(you may assume that the result shown in part (a) applies exactly in this case).

Compare this result with that in part (a) above and explain the effect when « is (i)
close to zero and (ii) close to unity.

Explain how the method could be used for analysis of non-stationary signals whose
power spectrum changes slowly and smoothly with time.
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5
4 A moving average (MA) process of order Q is expressed in the following form:
Q
Xp =
q:
where {wy } is a zero-mean white noise process having unity variance.

bq Wn—.q
0

(a) Determine the power spectrum of the MA process and show that the
autocorrelation function takes the following form:

Yirbober iflr|<Q

Rxx[r] = ,
ifr>Q
[30%]
(b) The bilateral z-transform for a sequence hy is defined as
o0
Zi{hn} = Z hpz "
n—=—o00
Show that the bilateral z-transform of Ryx[r] is equal to B(z)B(z~!), where
0
B(z) = Z bz "
=0
[20%]
(¢) Ifthe Q zeros of the polynomial B(z‘l) are located at n;, fori=1,...,Q, show
that B(z) has zeros at positions 1/n; fori=1,...,Q. [10%]
(d) Use these results to explain the spectral factorisation method for estimation
of the parameters of a MA model. State clearly any assumptions you make about the
model. [20%]
(e) Two values of the autocorrelation function for a MA process are measured as
follows:
Rxx[0] =5, Rxx (1] =2
Determine from this data a suitable MA model of order Q = 1. [20%]
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