ENGINEERING TRIPOS PART IIB

Tuesday 22 April 2008 9 to 10.30

Module 4A8

ENVIRONMENTAL FLUID MECHANICS
Answer not more than three questions.

All questions carry the same number of marks.

The approximate percentage of marks allocated to each part of a question is
indicated in the right margin.

Attachments: 4A8 Data Card (5 pages)

STATIONERY REQUIREMENTS SPECIAL REQUIREMENTS
Single-sided script paper Engineering Data Book
CUED approved calculator allowed

You may not start to read the questions

printed on the subsequent pages of this

question paper until instructed that you
may do so by the Invigilator
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1 (a) Provide a brief qualitative description of:
(i) geostrophic flow and the Ekman spiral;
(i) Brunt-Viisild frequency;

(iii) the turbulent closure problem;

(iv) sources and sinks of turbulent kinetic energy in atmospheric flows.

(b) Show that the Dry Adiabatic Lapse Rate is given by

ar g

dz c,

and discuss its significance.

[20%]
[20%]
[20%]

[20%]

[20%]
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2 For a boundary layer with stable density stratification the velocity gradient is
given by

v _ w [1+4.7—Z—J
dz Kz L

where x ~0.4 and L is the Monin-Obukhov length. The other variables have their
usual meaning.

(a) Find U as a function of z if U =0 at z=z,, where z, is the surface
roughness height. [20%]

1

(b) When z,= 0.1 m, measurements show that the velocity U is 2.0 m s~ at

z=5mand 3.0 ms ' at z=10 m. Determine L, the friction velocity, the surface shear
stress, and the surface heat flux. The ambient temperature near the ground is 280 K. [40%]

(¢) Estimate the rate of turbulent kinetic energy production due to mean shear
and the rate of energy dissipation via buoyancy at z= 5 m. You may take pul as the

scaling of the relevant Reynolds stress. [20%]
(d) Far away from the surface, the velocity gradient is given by

ﬁz U [4_73]
dz Kz L

Show that the ratio of energy dissipation via buoyancy to mechanical generation of
turbulent kinetic energy is constant and find this constant. [20%]

(TURN OVER
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3 Consider a Gaussian plume from a source at (x, y,z) = (0,0,0) emitting Q kgs™
of pollutant spreading in two dimensions (y and z) in uniform wind of velocity U
aligned with the x -direction. The dispersion coefficient ¢ is identical in both y and z

directions and increases linearly with x. Ignore any effects from solid surfaces. The

transport equation for the variance of the scalar fluctuations g is found in the Data
Card. The mean centreline concentration at a downwind distance x is @, K is the

turbulent diffusivity, u' the characteristic large-scale turbulent velocity (assumed

uniform and isotropic everywhere), and T, the eddy turn-over time.

(a) Discuss if the assumption of equal dispersion coefficients is in general valid
for turbulent flows close to the surface under neutral stability conditions. [20%]

(b) Neglecting gradients in the x-direction and assuming that the dissipation of
g at (x,y,z) =(x,0,0) is equal to the production of g at (x,y,z) =(x,0,0), show that

e _(@KT,)"

D, o
[50%]

(c) Iftheratio g'’?/®, is, from measurement, equal to 0.25, find an expression

for K in terms of #' and o including any numerical constants. [30%]
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4 A typical urban street canyon between buildings of height /7 is shown in Fig. 1.
Inert pollutant is being emitted at a rate of Q per unit area (units: kg s~ m™>) at the street
surface over the length L and width W of the canyon. The air flow above the canyon is
turbulent and normal to the canyon and carries » kg m™ of the pollutant. It hence
exchanges mass with the street canyon at a rate per unit of exchange area given by
m' =u(c—-b), where c¢ is the average concentration of the pollutant in the canyon

(units of ' : kgs™' m™) and u is a characteristic velocity for the exchange.

(a) Derive the following equation for the rate of change of ¢ starting from first
principles:
de _Q ¥ oy,
d H H
[20%]
(b) Assume that ¢ has reached its steady-state value. Q is then suddenly
decreased to zero. For H=10m, u=05m s"l, b=0and 0= 1078 kg s m"z, find the
time taken for the street canyon to be purged to a pollutant concentration 5% of its value
when the emission stopped. [50%]

(c)  List possible factors that may affect the velocity u. [30%]

Air flow $ @ @ $

A 4 4 4 4 4 4

A
v

Fig. 1

END OF PAPER



4A8: Environmental Fluid Mechanics

Part I: Turbulence and Fluid Mechanics

DATA CARD
Rotating Flows
Geostrophic Flow 1 Vp =2QX%xu
P
2
Ekman Layer Flow -2Qv= _Llop + va—l;
pox oz
2
2Q u= Lo +v 8_\21
pady oz
0=_Llo
p 0z
2
OR -2Q . v= va—g—
0z
d*v
-240, (ug —u)= vé;—
GEOSTROPHIC VELOCITY

Solution is



Turbulent Flows — Incompressible

Continuity Equation VeU = Wi _ 0
ox;
Momentum Equation p%%]— =-VP+ ,uV2 U+F
DU; U,
Dt axl' asz
2
Enthalpy Equation » bT =— a—T
Dt ax,-z
Reynolds Transformation U, = (7, +u; etc
Reynolds Stress =—puu;
Reynolds Heat Flux =—pc,u ;0
Turbulent Kinetic Energy Equation
2 U, . ou: ) fu.
Da”_ —U ———V oy + Oy || Ot + Jit + transport of kinetic energy forms
Dt 2 ox;, ox;  dx; \ox; P

In flows with thermally driven motion

ﬁui:é.@: gQ_
p T

pe,T

. . u
Dissipation of turbulent kinetic energy £ = 7
3\ /4
. v
Kolmogorov microscale n=|—
£
2
Taylor microscale (A) £=15v

i = Vertical direction

Q) — surface hear flux

v — kinematic viscocity



Density Influenced Flows

Atmospheric Boundary Layer

ar __& _dr
dZ | NEUTRAL STABILITY C p dz |paLr
dr _dr
g dZ dZ DALR
R ==2=— 288 RICHARDSON NUMBER

T (duy
dz

Neutral Stability

Us = T ;  x = Von Karman Constant = 0.40
\} p

Non-Neutral Stability

L = Monin-Obukhov length = — =

Q = surface heat flux

14
d_U = f‘i(] ~15 ij Unstable
dz x L

= ﬁ*—(l +47 -Z—j Stable
v4 L

Buovant plume for a point source

4 Ry= 27Ru, @)
daz

4 prR*w = p,27Ru, (ii)
dz

d
— PR =g(p, — p)yk’ (iif)



(1) and (iii) give

R? w{u] g = constant = F (buoyancy flux)
Pa

U, = 0w o — this Entrainment coefficient

sz_gd_ngg
pdz T dz

DALR J

N = Brunt — Vaisala Frequency or Buoyancy Frequency

Actually %[i’l - LZ;—T
z  dz




4A8: Environmental Fluid Mechanics

Part 11: Dispersion of Pollution in the Atmospheric Environment
DATA CARD

Transport equation for the mean of the reactive scalar ¢:

%+z7~a¢= 0 Ka¢ +W
ot faxj Ox o

Transport equation for the variance of the reactive scalar ¢ :

—\2
%,z % _0 {K ag}+21{%] — 2 g+
J

o ox, ax | ox ox ot

Mean concentration of pollutant after instantaneous release of Q kg at r=0:

0 L[(x_xo)z L) (z—z@zﬂ

_x, ,Z,1) = exp| —
$05 .20 8(m)* (K K K )"? p{ 4| K K K

x y z

Gaussian plume spreading in two dimensions from a source at (0,0,z9) emitting O kg/s:

1 ex y2 (z—zo)2
P~ 7t 2
Uo o, 20, 20,

One-dimensional spreading from line source emitting Q/L kg/s/m :

2
Fy=2 ! exp{ y}

UL 2750'y - 20'5

§ 32 =

Relationship between eddy diffusivity and dispersion coefficient:

X

oc?=22K



Engineering Part IIB 2008
4A8 — Environmental Fluid Mechanics

Numerical Answers

o DR E MASTORAKOS

Q2:  (b)9.51 m; 0.126 m/s; 0.019 N/m?*; —18 W/m?
() 3.47x107° m%s® ; -5.26x107* m%/s.

Q3: -
Q4. (b)60s.
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