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ENGINEERING TRIPOS PART IIB
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Module 4F2

ROBUST MULTIVARIABLE CONTROL
Answer not more than two questions.

All questions carry the same number of marks.

The approximate percentage of marks allocated to each part of a question is
indicated in the right margin.

There are no attachments.

STATIONERY REQUIREMENTS SPECIAL REQUIREMENTS
Single-sided script paper Engineering Data Book
CUED approved calculator allowed

You may not start to read the questions

printed on the subsequent pages of this

question paper until instructed that you
may do so by the Invigilator
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3 (a) P(s)isin.#% since all poles lie in the open left half plane.

IP(s)llee = sup|P(je)]
. jo+1
o (joo+2)?

! _ V14 w?

su
cop 4+ @?

Differentiating with respect to w? and equating to zero gives

(4+of)3(1+af) /2= [1+af

0
(4+ w)?

or4+ cog =2(1+ cog), which gives (03 = 2. Thus,

1)) = 2

[10%]

(b) The small gain theorem for the robust stability of a system states that the
feedback uncertain system is stable for all ||A(s)[|e < € if and only if ||T(s)[| < 1/€. [10%]

(c) LetX=GoU, ThenY = (I —WA)~1X, or ¥ = WAY + X. Let also Z = AY.
We need to find the transfer function from Z to Y. From above, Y = WZ — GyY or
Y = (I4+Go)~'WZ. Thus, let T = (I + Gg)~1W and the result follows from the small

gain theorem as stated in part (b). [30%]
@ @ The feedback system is stable if and only if (14 G(s)) ™! is stable.
In this case (54 1)(s+2+ @)
+1)s+2+0a
1+G(s)) 1 = ==
(1+6() s2+(4+0a)s+4+a
which is stable if and only if &¢ > —4, so the maximum value of A such that
the feedback system is guaranteed to be stable for all |a| < Ais A =4. [10%]
(ii) We have that G(s) = (1 — WA)~1Gy. Rearranging gives (1 — WA)G =
Gy or
G-Gy Go s+2+0 o
WA = = —_——_—— = —_ —_—
G G 1 s+2 s+2

(cont.
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Let W =A/(s+2) and A= —a /A (which results in ||Alj < 1). Stability
condition is

Hl-l—G()

or \/_
s+2 S-I—_Z 0 =4 6 =1
by part (a). Thus, A < 2+/3 =3.4641. [20%]
(iii) We have Gy =1/(s+1) = N/M with |[N|> + |M|? = 1. Let
M= ss:\}i and N = ﬁ

Now, G = Go/(1 —WA) and WA = —a;/(s+2). So,

oo N N
_M<1+ "‘)_M+ als+1
5+2 (s+2)(s+v2)

Thus, just let
a(s+1)

(s4+2)(s+v2)
Perturbations measured in the gap metric are equivalent to perturbations to
the numerator and denominator in a normalised coprime factorisation:

Ay=0, Ay=

G=(N+Ay)(M+Ay)"!

A
with &(G,Gop) = AN over all Ay, Ay in %, such that G =
M 0
(N +AN)(M + Ap)~".  Hence, in the above 8(G,Go) < [|Apmllw =
_ofs+l)
(s42)(s+v2 )“ [(20%]

END OF PAPER



