ENGINEERING TRIPOS PART IIA
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Module 4M12

PARTIAL DIFFERENTIAL EQUATIONS AND VARIATIONAL METHODS
Answer not more than three questions.

All questions carry the same number of marks.

The approximate percentage of marks allocated to each part of a question is
indicated in the right margin.

Attachment: Data Sheet for 4M12 (3 sides).
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question paper until instructed that you
may do so by the Invigilator




1 (a) Use index notation to show under what conditions &;zs = 0, where sy is

an arbitrary second rank tensor. [10%)]

(b) Ifa, b and c are vectors, and

(axb)xc=pb-ca

find expressions for ¢ and S. [30%]

(c) In the advection-diffusion equation, the advective term is sometimes written
as V. (a¢) and at other times as a. V¢, where @is a scalar and a is a vector.

(i) Show using index notation that V.(a¢) = a. V¢ if V.a =0. [10%]

(i) If V.a =0, for a volume V, what are the other conditions on a under

- which

ija Vodv = - jVVw- agdv

will hold for all functions w. [30%]

(d) When integrating over the surface .S which encloses a volume ¥, show that

anx ds =[.n,ds =an2 s = 0

where n = ( ny, ny, n, ) is the unit outward normal vector on the boundary of V. [20%]



2 The function # minimises the functional

_ 1 1 2
I = EjVVu VudV + EIV ku? av ijudV
where the constant £ > 0 and the function fare given.
(a) Find the weak form of the differential equation which is satisfied by u. [20%]

(b) Find the strong form of the differential equation which is satisfied by u. [20%)]

(¢) If we wish to impose the boundary condition Vu-n = h on part of the

boundary of ¥, denoted by S;, how should 7 be modified to satisfy this condition? Prove
that minimising the modified functional will satisfy this boundary condition. [50%]

(d) Comment on the sign of % in the context of minimising 7 . [10%]

(TURN OVER



3 (a) If V2u =0ina region V surrounded by a closed surface S, show that u is

given by

_ [y 29@%0) Lo Ju(x)
ulxy) = S[u(:_c) =200 ds JG({,EO) S =ds

where G(J_C,J_CO) is a Green’s Function.

Explain how this representation theorem is used to derive solutions for # which satisfy
the boundary condition u = U(x) for x on the boundary S. [25%]

(b) Show that the Green’s Function for the region inside the sphere of radius a
centred on the origin, shown in Fig. 1, is given by

1 a 1
G(J_c, X ) = - + -
U aremxg] T [xo] 47 x]
2
where x; is on the same radial line as xy and where ' Xq | = a_| . [25%)]
X0
(c) By differentiating |3_c - J_cO|2 = r+ r02 —2rrycosa, and a similar

. 2
expression for |J_c —J_cl| , show that, on r =g,

a—rocosa' ¥g—acosox

a a— _a_ — =
>h-x| = o] =[x~ x| E— [20%]
(d) Show that
_d-xf [ uw .
u(xy) = ds [30%]
4ra |x_£0|3

(contd.



Fig. 1

(TURN OVER



4 (a) Explain what is meant by the method of characteristics and describe its

relevance to the solution of second order partial differential equations.

(b) The function u(x, y) satisfies the equation

ﬁ”azu lou _ 2

o2 oxdy  xox

for x=1 and for all y.

2

Show that &=y — x? and 77 = y represent characteristic variables for equation (1).

M

[15%]

[25%]

(c) Find the general solution of equation (1) and hence solve it subject to the

boundary conditions

ully) = 0 and (1) = - y-1
ox

[40%]

(d) Explain carefully why it is not appropriate to solve equation (1) in the domain

x 2 0 with boundary conditions applied on x = 0.

End of Paper

[20%)]
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Data Sheet

1 Index notation

1. 5[j=

0 ifanytwoofi,j,k are equal
2. €5x=141 if(i,j, k)is a permutation of (123)
-1 if(i,j, k)is a permutation of (321)
3. [xxy]l;=eiexye

4. €ijx€kim=0i10p—0im0j

5x,-
5. axj—ﬁij
0 du;
6. [grad¢]i=[V¢]i=—a-%, divu=V-u=-a%, [curlu],-=[qu],-=e,-jk—aa—1;J’f—

2 Integral theorems

1. Divergence theorem:

0
J‘Va—%() dV=J;()n,dS

where V is a volume enclosed by the surface S, (-} is any permissible index notation
expression, and » is the unit outward normal vector to the volume V.

2. Stokes’s theorem:

0
J eijka_(’)nids=§ ()sedC
s Xj c
where § is surface (possible curved) with a curve C running around the boundary of

S, n is the unit normal vector to the surface S, (-) is any permissible index notation
expression and s is the unit vector tangential to the edge of S.
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3 Variational methods

1. To minimise I = fOL F(y,y’,x) dx, F must satisfy the Euler-Lagrange equation

or_a (or\_,
dy dx\dy')

atall x.

2. For the above problem, if F depends on y’ but not on y, then

21;"/ =k, where k is a constant.
y

If F does not depend explicitly on x (i.e., only depends on x via y and y’), then

oF
! 7y =k, where k is a constant.

F~y

3. The directional derivative of the functional f(u) is given by

df(u+ev)

Df(u)[v]= P

=0
4 Partial differential equations

1. Classification: The second-order quasi-linear partial differential equation

a82u+2b Ou +cazu+F X, y,u 8_ua_u =
ax2 ' “oxdy " ‘ay7 Ve ay )T

hyperbolic where b>—ac>0
is:  parabolic where b?—ac=0
elliptic where b —ac <0

2. Well-posed problem: A problem is well-posed if the solution
a) exists
b) is unique

c) depends continuously on the input data (i.e. is stable with respect to changes in
the input data)
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3. Common reference equations are:
Helmbholtz equation V2u +k?u =0

Poisson equation Viu=f(x,y)

Laplace equation Viu=0

Wave equation o%u c2NV2u =0

d o2 B
oo . du

Diffusion equation T aViu =0
The form of the Laplacian operator V? in various coordinate systems can be found in
the Maths Data Book.

4. D’Alembert travelling wave solution: the solution of

9*u _ ,0%u
W—c 72 for t > 0 and for all x
with the initial conditions u (x,0)= ¢ (x) and du (x,0)/9t =1y (x) is

x+ct

u(x,t)=%(¢(x+ct)+¢(x—ct))+z Y (&) dE.

x—ct

5. Fundamental solution (free-space Green’s function):
2D Poisson/Laplace equation

1
V2G (%,%0)=06(x—x,), G(x,x0)= E;lnlx — X

3D Poisson/Laplace equation

1
V2G(x,%0)=6(x—x0), G(x,%0)=——"—""
ATT|x — X0
Fundamental solution:
Diffusion equation
OF 02F
E —aﬁ =5(x—x0)5(t— t())
1 _ 2
F(x,t;X0,ty) = —————¢€xp (-—M) fort >t
Vaan(t—t) 4a(t — to)
3-(space)D wave equation
O%F
a_l‘z ——02V2F=5(t— t0)5(x —xo)
51—z~ Ix—xol)
F(x,t;x9, )= ¢ fort >t

AT C?|x — X0
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