ENGINEERING TRIPOS PART IIA
ENGINEERING TRIPOS PART IIB

Monday 26" April 2010  2.30to 4

Module 4M12

PARTIAL DIFFERENTIAL EQUATIONS AND VARIATIONAL METHODS
Answer not more than three questions.

All questions carry the same number of marks.

The approximate percentage of marks allocated to each part of a question is
indicated in the right margin.

Attachment: Data Sheet for 4M12 (3 sides).
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You may not start to read the questions
printed on the subsequent pages of this
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1 (a) Express the biharmonic operator Viw=V.V (V.Vw) using index notation.

Comment on any symmetries. [15%]

(b) Show that ¢;

g Eipg = 267 - [30%]

(c) Show that, for any vector w, there exists a unique skew-symmetric matrix W

such that
wxy = Wy

for all vectors v .

Note that if W is skew-symmetric, then wl = —w. [35%]

(d) For the functional
7 o= (V) (VZu)ar
14

use the directional derivative method to prove that a stationary point of the functional is

also a minimum point for non-trivial u. [20%)]

tph05



2 (a)

If the function # minimises

J = %I\,Vu.VudV—ijudV, (1)

(i) Show that u satisfies
V= f [10%]

(ii) Suggest boundary conditions which are consistent with equation (1) and
would lead to a stable result. [20%]

(b) In a particular optimal control problem, for a given w, we wish to find f'such
that the 'cost' functional

I = —;-jv(u—w)2+f2 dv

is minimised subject to the constraint on u that it satisfies -V = f with =0 on the
boundary dV.

Using a Lagrange multiplier denoted by 4,
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(i) Write down the functional J whose stationary points correspond to
minimising  subject to the constraint on u. [25%]

(ii) Show that finding the stationary points of J is equivalent to solving

V2% = f
and
V2 = u-w
with A=0 ondVand f=-4. [45%]

(TURN OVER



3 (a) Explain how equations of the form
a(x,y,u)gbi + b(x,y,u)iti = c(x,y,u)
ox dy

can be solved by integrating along characteristic lines. [20%]

(b) The function u satisfies the equation

B_u + uQL—l = 2 fort>0 andallx, )
ot ox
with
0 for x<0
u(x,0) = x for 0<x<1
1 forx>1

By integrating along characteristic lines, or otherwise, find #(x,¢). You should explain

carefully to which parts of the region ¢ > 0, any different expressions for u that you
obtain apply. [50%]

() Explain carefully how discontinuities can form for solutions to equations
like equation (1) from part (b). Do discontinuities form in this case ? [30%]
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4  (a) Explain what is meant by a well-posed problem in the context of second
order partial differential equations. [15%]

(b) Explain how the Maximum Principle ensures that the problem
Viu = 0

in a region V, with u = U( x ) for x on the boundary S surrounding V will be well-posed.
[15%]

(¢) The function ¢ satisfies
Vi = f
0¢

in a region V, with 5 = (x) on the boundary S surrounding V. Describe any extra
n

conditions that must be applied to make this problem well-posed. [20%]

(d) The vector r satisfies the system of equations

J 5
g 42, =
5Lt Az =0

for t>20 and 0<x<L, wherethe matrix 4 is given by:

N

1l
© o =
o = o
R o o

and where u =u(x,1) and ¢ = c(x,t).

(i) Show that this system of equations is hyperbolic and determine the
characteristic speeds. [20%]

(ii) If all boundary conditions for this problem are Dirichlet ones (i.e.

specified values), describe how these boundary conditions must be

formulated to make this problem well-posed for the case where both » and ¢

are positive and constant. [30%]
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End of Paper

Answers

o%w
L. Y W =Eaqw;:
(@) ax,- axl- axj axj ©) ik 8,] kW)

N

®GQ) J = %L’(u—w)2+f2 av + Lﬂ(vzwf)dr/

2t x<12

for 12 <x<i*+1+1

| 1+2¢ 2 rt+l<x

e

()@ u,u—cand u+tc
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