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1 An M-component, diagonal covariance matrix, Gaussian mixture model (GMM) is
trained on a set of d-dimensional feature vectors. The feature vectors were obtained from
a series of measurements. The type of measurement equipment was then changed and
a small number of new independent observations, Xy,...,X,, were measured. The new
instrument is known to introduce a fixed, additive, vector offset, b, to the feature vectors
compared to the original instrument.

(a) What are the advantages of using a GMM rather than a Gaussian to model the
distribution of the original observations? Contrast the use of gradient descent optimisation
and expectation-maximisation (EM) for optimising the parameters of a GMM.

(b) The log-likelihood can be written in terms of the original GMM with M
components and parameters 6 (comprising the mean vectors [ly,...,Hps, covariance
matrices X1, .. ., Xy, and priors cy,...,cp) and the offset b.

n M l
1Og (p(Xl, g 7Xﬂl9)b)) = Z log ( z Cm‘/V(Xi - bv“rmzm))
i=1 m=1
All the covariance matrices are diagonal. Show that the gradient descent update rule to
find the maximum likelihood estimate of b has the form at iteration k£ + 1
k)
M N
(k+1) _ (k) < (k) [ *ij ~ Hmj—0;
b =b7 4y Y |a

J mi 2
i=1m=1 Omj

where 1) is the learning rate, x;; is element j of vector x; and 0',%[ . is the jth element on

(k)9

the diagonal of %,,. What is the expression for a,,; ?

(c) Expectation-maximisation is now to be used to estimate b. Starting from the
standard auxiliary function for mixture models, show that the EM estimate at iteration
k+1is given by

(k+1) 1 < O (xij—umj)>
e $ § Ll n)
! YDVl (a;(:i)/@%j) ' i

k)

where a,(m- has the same form as section (b).
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2 A Support Vector Machine (SVM) classifier is to be built for a two class problem.
There are a total of m training samples x; to X,, with associated labels y; to y, where

Yi € {—171}

(a) Discuss why kernel-functions are often used with SVM classifiers. What is
the form for a Gaussian kernel-function and how can it be tuned to a particular task?

(b) The training samples are 1-dimensional. The following mapping is proposed
from the 1-dimensional input-space to the (2N + 1)-dimensional feature-space.

(I)(x):[—\}—i cos(x) cos(2x) ... cos(Nx) sin(x) sin(2x) ... sin(Nx) ],

where x is the point in the input-space.

(i) Show that the kernel-function (the dot-product of two vectors in the
feature-space) between two points x; and x; for this mapping may be
expressed in the following form

sin(a(x; —x;))
k(xi xj) = 2sin(b(x; —;j))

What are the values of a and 5?

(i) Express the classification rule for the SVM using the kernel-function
and the set of support vectors. How does the computational cost of
classification vary as the number of support vectors, S, number of training
samples, m, and N change?

(iii) Contrast this form of feature-space and associated kernel-function with
the Gaussian kernel-function.

(c) The SVM classifier is to be extended to handle classification problems with
more than two classes. Discuss how the SVM training and classification might be
modified to allow a single SVM classifier to perform multi-class classification.
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3 A linear classifier with parameter a of the form

y(x) = ax

is to be trained for a one-dimensional, two-class, problem. The data for each of the two
classes, @ and @, are Gaussian distributed. For class @ the mean is 0 and variance is 1.
For class @, the mean is 1 and the variance is 2. The priors for the two classes are known
to be equal. There are N training examples equally split between the two classes.

(a) What is the general form of Bayes’ decision rule for a two class problem?

(b) The linear classifier is to be trained using least squares estimation with target
values of O for class @; and 1 for class @,. For N samples this criterion has the form

1 N
E(a) = = . ((an)?+(1=y)(1 - ax)’)
i=1
where y; is 1 if the observation belongs to class @; and 0 if it belongs to class @;. A very
large number of training examples, N, are available to estimate the classifier parameter.
Calculate the optimal value of the classifier parameter, a, using this criterion.

() A threshold of 0.5 on y(x) is used to classify the data. Using the value of a
estimated in part (b) calculate the probability of misclassifying a sample in terms of the
Gaussian cumulative density function F(x) where

F(x) = / xoo,/V(z;O,l)dz

(d) What expression is satisfied by a point x that lies on the optimal decision
boundary specified by Bayes’ decision rule? Using this expression obtain a new estimate
of a that will reduce the probability of error compared with the threshold given in part (c).

mjfg04

[10%]

[30%]

[30%]

[30%]



4 A multilayer perceptron is to be trained using a quadratic approximation to the error
surface. The set of weights associated with the network are denoted as the vector 6. An
iterative procedure is commonly used to update the weight vector where at iteration 7 + 1

g(t+1) — g(7) L Ag(7)

and 6(7) is the estimate of the model parameters at iteration 7. The value of the cost
function with model parameters 0 is E(0).

(a) The following quadratic approximation is to be used to estimate the weights
1
E)~E©0®)+(6—0)p+ {8~ LAUNCENI2)

(1) By considering a second-order Taylor series expansion about the point
6(7) find expressions for b and A.

(ii)) Derive an expression for the value of 6 that will minimise this quadratic
approximation. Hence obtain an expression for AO(D).

(b) An alternative second-order approximation is to assume that all the elements
of 0 are independent. Furthermore, for some scenarios it is only possible to compute the
gradient. Using this form of approximation, show that a suitable update for element i at
iteration 7 4 1, using only the gradient at the current point, the gradient at the previous
point and the previous change, is

(1)

8; (1—1)
A0l = l A6,
— 1 i
gl(T ) _glgr)
where
g@ _ JE(0) |
! 20; |g(

(c) Compare the two forms of update rules derived in sections (a) and (b). You
should include a discussion of the practical issues and computational costs of the two
approaches as the number of parameters in the multilayer perceptron gets large.
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5 Regression is to be performed using either basis functions or a Gaussian process.
There are n, d-dimensional, training observations, X = [X{, .. .,X;], with associated output
valuesy = [y1, .., yn) - The outputs are related to the observations by y; = f(X;) + & where
the prediction noise, €, is Gaussian distributed, € ~ 4 (0, 62).

(a) For basis function regression, the systematic prediction, f(x), has the form

£(x) = jﬁlwigb(uxi—xm

The prior for each weight of this regression process is Gaussian distributed with the

following form: p(w;) = A (w;;0,62).

(i) Derive an expression for the Maximum A-Posteriori (MAP) estimate of
the parameters of the regression process, W = [wy,...,wy|’, in terms of the
training observations and output values. [40%]

(ii)) Hence derive an expression for the distribution of the output y for the
observation x using the MAP-estimated regression process parameters. [10%]

(b) For Gaussian process regression, the systematic prediction, f(x), is jointly
Gaussian distributed with the training outputs, y. A squared exponential covariance
function is to be used to which an additional term is added for the prediction noise &.

The prior mean function is set to 0.

(i) By deriving an expression for the joint distribution of f(x) and the
output values y, show that the mean, ¢, of the distribution of the systematic
prediction, f(x), can be written in the form

n
e =Y 0k(X,X;)
i=1
Find expressions for & = [a, ..., 0] and k(x,X;). [25%]

(ii) If the variance of the distribution of the systematic prediction is o2,

what is the distribution of the prediction of the output y for observation x? [10%]

(¢) Compare the two forms of regression described in parts (a) and (b). You
should discuss computational cost, storage, and how accurate the regression process is. [15%]
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The following equality for vectors may be useful for this question. If a and b are

BEA(NI)

alb ~ A (ta + ZapZg (b — ), Zaa — ZabZiy Zba)

jointly Gaussian,

then

END OF PAPER
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