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4D6 Q4, 2012 

a) The finite element method proceeds by inputting the geometry, mass 
and stiffness of all elements. These are then assembled into the total mass 
(or inertia) M and stiffness K matrices. These may have many thousands of 
degrees of freedom (the size of the nodal displacement vector X). The matrices 
are diagonalised by seeking harmonic solutions X(r, t) = Xo(r)eiwt such that 
the free vibration problem 

MX+KX=O 

leads to the eigenproblem 

which has eigenvalues w; and associated eigenvectors (Pi

A general displacement can then be expressed as 

X = L ai(t)(h(r) 
i 

where the ai are modal amplitudes. This leads, via orthogonality of the modes, 
to the equations of motion in the new modal coordinates: 

miai + Cio'i + kiai = fi(t) 

where mode-generalised damping and forcing terms have been added, and mi = 
¢fM¢i is the mode generalised mass, etc. These equations describe a set 
of single degree of freedom uncoupled oscillators (assuming the damping is 
Rayleigh) which may be solved independently. Typically one would solve for 
the behaviour in only the first few lowest frequency modes. 

For a suspension bridge, one should use a two-step process. Dead loads 
should be applied first in a nonlinear static step to obtain the nonlinear equi
librium, thereby incorporating tension-stiffening effects in cables, and gravity
stiffening pendulum effects in the lateral bridge motions. The dynamic modes 
should then be obtained as the linearisation around this nonlinear equilibrium. 

b) The local rotational inertia terms are Ie, where I is the mass moment 
of inertia per unit length, and e is the local rotation (or pitch). But 

e = ecentral sin(1fXI L) 

The mode generalisation of the torsional mode leads to 

TM J 21 1£ .2(1fX) ILmi = ¢i ¢i = cp dL = I sm - dL = 
o L 2 
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giving a mode-generalised mass moment of inertia of

Ii =
(320× 103)400

2
= 64× 106 kg m2

From ω =
√
K/M we obtain the mode generalised stiffness

Ki = Iiω
2
i = (64× 106)(0.5× 2π)2 = 640× 106 Nm/radian

c) Static divergence.

Locally, the destabilising moment is M = 3.3ρU2B2α Nm/m.

But α(x) = θcentral sin(πx/L), thus the mode-generalisation of the applied
moment is

Ti = 3.3ρU2B2θcentral

∫ L

0

sin(
πx

L
) dL

= 3.3ρU2B2θcentral
2L

π

Static divergence will occur when this torque exceeds the static stabilising
torque. Thus when

3.3ρU2B2θcentral
2L

π
> Kiθcentral

That is, when

U2 >
Kiπ

3.3ρB2(2L)

U >

√
(640× 106)π

3.3(1.25)(152)(2× 400)
= 52 m/s

2



> , 

d) Mode-generalising the harmonic torque as above leads to a mode-generalised 
harmonic moment 

2L 3 . 
Ti = -0.2pUB ecentral

1f 

Single degree of freedom torsional flutter will occur when this exceeds the 
damping term on the left-hand side of the modal equation of motion: 

This occurs when 

1fC 1f(2)(0.005)(0.5 x 21f)(64 x 106 ) 

U> 2L(0.2pB3) = 2(400)(0.2)(1.25)(153 ) = 9.3 mls 

e) The creation of positive pitching moment flutter derivatives by the H
shaped cross-section of Tacoma led to its collapse in a single degree of freedom 
torsional flutter mode at low wind speeds, exactly as will happen to this bridge 
if the windshields are fitted. 
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