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The solution to Q1 starts on the next page.
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3. (a) A sector nonlinearity is a function f(.) such that αe ≤ ef(e) ≤ βe for some constants α and β. The
function is then said to be in the sector (α, β), also denoted by α ≤ f(.) ≤ β.

(b) Circle criterion for the system shown in Fig.1: If α ≤ f(.) ≤ β then the closed loop is globally asymp-
totically stable (with unique equilibrium at the origin) if the Nyquist locus of G(s) encircles the circle
D(−1/β,−1/α) as many times counter-clockwise as G(s) has unstable poles, where D(−1/β,−1/α)
is the circle with −1/β and −1/α as end-points of a diameter.

(c) Standard bookwork. Details are in Handout 4 of the 4F2 course. The solution should preferably
include a block diagram showing the transformations performed on the linear system and on the
nonlinear gain.

(d) In this case we need to apply the Circle Criterion with α = −k < 0 and β = k > 0. As α → 0,
the circle of the criterion becomes a half-plane through −1/β, and as α becomes negative, what was
previously the interior of the circle now becomes its exterior. Thus the criterion requires the Nyquist
locus of G(s) to lie entirely inside the circle D(−1/k, 1/k). This means that the Nyquist locus cannot
encircle the circle, which is ok because G(s) has no unstable poles. It can be seen (with the aid of a
compass) that the Nyquist locus shown in Fig.2 lies entirely within the circle D(−4, 4) but not for
any value of 1/k smaller than 4 — see figure below. Thus the largest value of k for which global

asymptotic stability is assured by the Circle Criterion is k = 1/4 .
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Figure 1: Nyquist locus inside circle D(−4, 4).

4. (a) LaSalle’s Theorem: Let S ⊆ <n be a compact invariant set. Assume there exists a differentiable
function V : S → < such that

V̇ (x) ≤ 0 ∀x ∈ S

Let M be the largest invariant set contained in {x ∈ S | V̇ (x) = 0} (the set of x ∈ S for which
V̇ (x) = 0). Then all trajectories starting in S approach M as t→∞.
Corollary: If the set {x ∈ S | V̇ (x) = 0} contains no trajectories other than x(t) = 0, then 0 is locally
asymptotically stable. Moreover, all trajectories starting in S converge to 0.

(b) When using Lyapunov’s theorems to establish asymptotic stability of an equilibrium x = 0, it is
necessary to show that V̇ (x) = 0 at x = 0 only. In many practical examples this is not true but
the conditions of LaSalle’s theorem, which are weaker, are satisfied. LaSalle’s Theorem can also be
applied to establish convergence to more general invariant sets, such as limit cycles.
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(c) Let x1 = x, x2 = ẋ. Then the equation of motion becomes

ẋ1 = x2 (1)

ẋ2 = −c(x1)

m
− b(x2)

m
(2)

At an equilibrium we need (ẋ1, ẋ2) = (0.0). ẋ1 = 0 ⇒ x2 = 0. But b(0) = 0, so for ẋ2 = 0 we need
c(x1) = 0, which occurs only for x1 = 0. Thus the equilibrium is (0.0), and it is unique. (The fact
that it is unique could also be deduced from part (d), which asks for global asymptotic stability to
be proved. Global asymptotic stability is only possible if there is a unique equilibrium.)

(d) We have

V (x1, x2) =
mx22

2
+

∫ x1

0

c(ν)dν (3)

Clearly V (0, 0) = 0. A bit less obviously,
∫ x1

0
c(ν)dν > 0. If x1 > 0 this is clear, since νc(ν) > 0. If

x1 < 0 it also holds, since the increments dν are negative in this case. Consequently, V (x1, x2) > 0
if (x1, x2) 6= (0, 0). V is thus a candidate Lyapunov function, and we investigate its derivative along
system trajectories:

Assuming ẋ = f(x) we have

V̇ (x) = ∇V (x)T f(x) (4)

= [c(x1),mx2]

[
x2

− c(x1)
m − b(x2)

m

]
(5)

= −x2b(x2) < 0 if x2 6= 0. (6)

This is enough to prove stability of (0, 0), but not asymptotic stability since V̇ = 0 whenever x2 = 0
even if x1 6= 0. We need to invoke LaSalle’s theorem.

Suppose that, at some time t, x1(t) 6= 0, x2(t) = 0. Then ẋ2(t) = −c(x1)/m 6= 0. Thus there exists a
τ > 0 such that x2(t+ τ) 6= 0, and hence V̇ (x(t+ τ)) < 0. So the only invariant set {x : V̇ (x) = 0} is
(0, 0). Furthermore, the set {x : V (x) ≤ V (x0)} is an invariant set for any initial condition x0 (since
V̇ ≤ 0), and it contains (0, 0). Thus a trajectory starting at x0 will converge to (0, 0). But all of this
holds, no matter how large ‖x0‖ may be. Therefore (0, 0) is globally asymptotically stable.
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