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1 Information relevant to this question can be found on the next page.

A monatomic perfect gas flows with free-stream speedV over a flat plate aligned

with the flow direction. The viscous boundary layer on the plate is laminar.

(a) Discuss brieflywhether the molecular velocity distribution function is

Maxwellian and whether the Navier-Stokes equations are valid at :

(i) A point in the free-stream far from the plate ;

(ii) A point in the boundary layer where the flow speed is 0.1V ;

(iii) A point on the surface of the plate, assuming that molecules incident

on the plate surface are reflected diffusely. [25%]

(b) In the free-stream the molecular velocity distributionfunction is given by

f (c1,c2,c3) =
n

(2πRT )3/2
exp

[

−

(

(c1−V )2+ c2
2+ c2

3
2RT

)]

.

wherec1, c2 andc3 are the components of the absolutevelocity of a molecule,n is the

number density of molecules,R is the specific gas constant andT is the temperature.

(i) Write down an integral expression for the flowrate of molecular

energy in thex1 direction per unit cross-sectional area and transform the

expression to new variablesw1, w2 andw3 defined by

w1 =
(c1−V )
√

2RT
, w2 =

c2√
2RT

, w3 =
c3√
2RT

.

[15%]

(ii) Show that, ifρ is the gas density, the flowrate of molecular energy in

thex1 direction per unit cross-sectional area is given by

ρV

(

5RT
2

+
V 2

2

)

[40%]

(iii) Kinetic theory can be used to show that the energy of thegas per

unit mass is(3RT/2+V 2/2). Do not prove this result but explain from

a macroscopic viewpoint why the energy flowrate calculated in (ii) is not

ρV (3RT/2+V 2/2). [20%]
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∞
∫

−∞

e−x2
dx =

√
π

∞
∫

−∞

xe−x2
dx = 0

∞
∫

−∞

x2e−x2
dx =

√
π

2

∞
∫

−∞

x3e−x2
dx = 0

The flowrate of a molecular propertyQ(c1,c2,c3) in the xi direction per unit cross-

sectional area is given by

∞
∫

−∞

∞
∫

−∞

∞
∫

−∞

(ciQ f )dc1dc2dc3

Information for Question 1
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2 Information relevant to this question can be found on the next page.

Nitrogen of mass densityρ flows steadily with mean velocityV through a tube of

diameterD. The nitrogen contains traceamounts of two different gas impurities having

molar massesMi (i = 1 or 2). The tube wall has a large number of very small circular

holes of diametera, there beingN holes per unit length of tube. The gas impurities leak

out through the holes so that their mass fractionsYi decrease with distancex along

the length of the tube. It may be assumed that the leakage through a hole occurs

under free-molecule conditions. The gas outside the tube iseffectively nitrogen with

no impurities and is at the same pressurep as inside the tube. The temperatureT is

uniform everywhere and it may be assumed that at any distancex theYi are uniform

over the cross-section of the tube. Diffusion of the impurities along the tube in the

x-direction may be neglected.

(a) By considering a control volume of lengthdx, show that

dYi

dx
=−A

Yi√
Mi

and find an expression for the coefficientA in terms of the quantities defined above. [35%]

(b) Given thatYi = Yi,0 at x = 0, find the relationship betweenY1 andY2 at any

value ofx. [25%]

(c) The mean free pathλi of gas impurityi is defined as the average distance

between collisions of ani-molecule of diameterdi with a nitrogen molecule of diameter

d. Stating your assumptions clearly, use a simple hard-sphere kinetic model to derive an

expression forλi in terms ofd, di andλ (the molecular mean free path of pure nitrogen).

If M is the molar mass andµ is the dynamic viscosity of pure nitrogen, show that the

leakage of gas impurityi through a hole will occur under free-molecule conditions if

a << Bi
µ
p

(

8πRT
M

)1/2

and find an expression for the coefficientBi . [40%]
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The mean molecular speedC of a perfect gas is given by

C =

(

8RT
πM

)1/2

whereR is the molar gas constant,T is the gas temperature andM is the molar mass.

The dynamic viscosityµ of a perfect gas is given by

µ =
ρCλ

2

whereρ is the gas mass density andλ is the molecular mean free path.

The ‘one-sided’ number flux of molecules incident on unit area per unit time is given

by
nC
4

wheren is the number density of molecules.

Information for Question 2
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3 (a) The vibrational energy levels of a diatomic molecule are non-degenerate

and, relative to the ground state, take the values

εn = nhν for n = 0,1,2,3, ...

whereh is Planck’s constant andν is the harmonic oscillator frequency. Show that the

vibrational component of the single-molecule partition function at temperatureT , may

be written

Zvib =
1

1− e−θv/T

and find an expression for the characteristic temperature ofvibration,θv. Assume that

the molecules do not dissociate. [25%]

(b) The effects of dissociation may be approximated by truncating the energy

states at the dissociation energy,εd , such that states for whichεn ≥ εd are inaccessible.

Show that with this model

Zvib =
1− e−θd/T

1− e−θv/T

and find an expression for the characteristic temperature ofdissociation,θd . [35%]

(c) For a particular diatomic gas,εd/(hν) = 8. In the absence of dissociation

the vibrational component of the specific heat capacity is

cv,vib = R

(

θv

T

)2 eθv/T

(eθv/T −1)2

whereR is the specific gas constant. Calculatecv,vib/R at T = θv when dissociation

is neglected and find the percentage reduction incv,vib due to dissociation at this

temperature. [40%]

You may use without proof the following expression for the specific internal energy

u = RT 2
(

� lnZ
�T

)

V
where Z =

∞
∑

n=0
e−εn/kT

andk is the Boltzmann constant.
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4 (a) For a system that hasΩ accessible microstates and for which the probability

of thei-th microstate isPi, the statistical analogue of its entropy is given by

S =−k
Ω
∑
i=1

Pi lnPi

wherek is the Boltzmann constant. Derive an expression forS in terms ofk andΩ only

for an isolated system at equilibrium. Demonstrate that your expression is consistent

with the extensive nature of entropy. [20%]

(b) A system comprising 1 gram of neon (molar mass 20 kg kmol−1) occupies

a volumeV0 = 1.25 litres and is at temperatureT0 = 300 K. At this condition, the

number of microstates accessible by the system is denotedΩ0. The system undergoes

the following processes:

(i) reversible, adiabatic compression to a volume of 1 litre;

(ii) cooling back to 300 K at constant volume.

Calculate the number of microstates at the end of each processas a multiple ofΩ0. Take

k = 1.38×10−23 J K−1 and the molar gas constantR = 8314 J kmol−1 K−1. [30%]

(c) The system of part (b) is maintained at volumeV0 in a rigid, thermally

conducting vessel immersed in a large water bath at temperatureT0. Find an expression

for the number of microstates of the neon system when it has uniform temperatureT .

Hence show that the probability that the system has temperature T may be written in

the form

P(T ) = P(T0)

(

T
T0

)α
eα(1−T/T0)

and find the value of the constantα. Sketch a graph of this relationship and discuss

briefly the implications for the magnitude of energy fluctuations. [50%]

Note that for a system of fixed volume in thermal equilibrium with an infinite reservoir

at temperatureT0, the probability that the system is in itsi-th microstate is given by

Pi =
e−Ei/kT0

Q

whereEi is the energy of thei-th microstate andQ is the system partition function.

END OF PAPER
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